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Abstract

We prove the stability under integration and under Fourier transform of a concrete
class of functions containing all globally subanalytic functions and their complex
exponentials. This article extends the investigation started by Lion and Rolin and
Cluckers and Miller to an enriched framework including oscillatory functions. It pro-
vides a new example of fruitful interaction between analysis and singularity theory.
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1. Introduction

In this article we prove the stability under parameterized integration of a class of func-
tions containing all globally subanalytic functions and their complex exponentials,
with methods pertaining to subanalytic geometry. Note that the theories of holonomic
D-modules and holonomic distributions (and, further away, of £-adic cohomology
and of motivic integration) have the richness of combining geometry with Fourier
transforms, and these theories all have found far-reaching applications. Applications
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of our setting are to be expected, but are not the content of the present article. Let
us just mention that, in the context of motivic and p-adic integration (see [7]), sim-
ilar stability results have found recent applications in the Langlands program (see
[5], [6]). The stability under integration of certain classes of real functions has already
been considered in [8], [10], [21], and [16], but none of these classes allows oscilla-
tory behavior, let alone stability under Fourier transforms. Let us explain our results
in detail.

Definition 1.1

A set X C R™ is globally subanalytic if, in any standard Euclidean chart R™ of
P™(R), the image of X in P™(R) is a subanalytic subset of this chart in the sense
of [3] and [11]. Equivalently, X € R™ is globally subanalytic if it is the image under
the canonical projection from R™ " to R™ of a globally semianalytic subset of R™ "
(i.e., a set Y € R™*" guch that, in a neighborhood of every point of P!(R)"*", Y
is described by a finite number of analytic equations and inequalities). Given a set
X CR™, amap f : X — R" is globally subanalytic if its graph is a globally subana-
lytic subset of R™*"_ (This definition implies that X is a globally subanalytic subset
of R™, since the collection of globally subanalytic sets is closed under projections.)

In model-theoretic terms, a set is globally subanalytic if and only if it is definable
in the structure R,,, the expansion of the ordered real field by all restricted analytic
functions (as defined in [31]). By [12], [28], and [29], this is an o-minimal structure,
and therefore, the reader may refer, for instance, to [30] and [32] for the basic geo-
metric properties of globally subanalytic sets and functions that we will use in the rest
of this article.

For the sake of brevity, from now on we will use the word “subanalytic” as an
abbreviation for the phrase “globally subanalytic.” So in this usage of the word, the
natural logarithm log: (0, +00) — R and the trigonometric functions sin: R — R
and cos: R — R are not subanalytic, although the restriction of any one of these
functions to any compact subinterval of its domain is subanalytic.

Given a subanalytic set X € R, we denote by §(X) the algebra of all real-
valued subanalytic functions on X, and we write

§:={8(X):m €N, X CR" subanalytic}

for the system of all real-valued subanalytic functions.
Our aim is to provide a full description of the smallest system

€:={6(X):meN, X CR" subanalytic}

such that &(X) is a C-algebra of complex-valued functions on X € R™ satisfying
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S(X)U e : fe8(X)) CE&X) (1)

and such that & is stable under integration.

Here stability under integration for & means that if X € R™ is a subanalytic set,
neN,and f € &(X x R") is such that f(x,-) € L'(R") for all x € X, then the
function F: X — C defined by

F(x):/ f(x,y)dy forxeX, )
yER”?

isin §(X).

Note that the existence of & is guaranteed by the fact that the collection on the
left-hand side of (1) is contained in the class of all complex-valued measurable func-
tions, a class stable under parameterized integration. We will describe in detail the
system & in the next section. Our main result is that & coincides with the system €%
of C-algebras €**P(X) defined in Definition 2.7 (see Remark 2.14(1)), for which we
have an explicit description of the generators (Definition 2.15). It is worth noting that
the generators of the algebra & (X)) are defined in terms of one-variable integrals of a
particularly simple form (see Definition 2.5).

A strong motivation to allow oscillatory functions in our system comes from sin-
gularity theory, where oscillatory integrals have been heavily investigated for decades
(for an introduction, and among numerous other references, see in particular [2],
[23], [33]). A series of preparation and monomialization results (see [8], [9], [20],
[24], [25]) for subanalytic functions and their logarithms provides a powerful tool for
studying the nature of oscillatory integrals with subanalytic phase and amplitude.

As indicated in [21, Introduction], the idea of using a preparation theorem to
understand the integration of subanalytic functions was suggested by L. van den
Dries and, indeed, was successfully used in [21] and [10], where it was proved (using
[21, Théoreme 1] and [10, Proposition 1], or directly as [10, Theorem 1']) that the
parameterized integrals of subanalytic functions belong to the class € := (€(X))x
of constructible functions. (The algebra € (X) of functions on the subanalytic set X is
generated as a C-algebra by the subanalytic functions on X and their logarithm (see
Definition 2.1).) In particular, the function volume of fibers of a subanalytic family
and the density function along a subanalytic set also belong to the class € (see [10]).

The question of finding a system of C-algebras of functions that contains § and
that is stable under parameterized integration has been attacked and solved in [8] (see
also [9]), where the authors showed that the class € itself is stable under parame-
terized integration (see [16] for an interesting subcollection of €, also stable under
integration). Here again the main tool of proof is a preparation theorem for functions
of €. Note that the class € is a class of functions definable in the o-minimal structure
Ran exp» the expansion of Ry, by the full real exponential function.
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As already mentioned, the problem we address and solve here is the problem
of explicitly describing a system of C-algebras (actually the smallest), stable under
parameterized integration, containing § and containing the complex-valued oscilla-
tory functions e'/, for all subanalytic functions f. Since we consider oscillatory func-
tions, we are no longer in an o-minimal setting. However, the preparation results men-
tioned above (see Section 3) prove extremely useful and powerful even for dealing
with oscillatory functions. To prove our results, we combine these preparation tech-
niques with the theory of continuously uniformly distributed maps (see Section 6), a
new ingredient in this context.

Oscillatory integrals are central in many branches of mathematics and physics.
Following Stein [27], an oscillatory integral of the first kind is a parameterized integral
I(x), x € R, defined by

I(x) = / £ dy, 3)
yeR”?

where the amplitude f and the phase ® are in general C *°-functions. The principle
of stationary phase asserts, when the phase ® has no critical point on the support of
f (assume for simplicity that f has compact support), that x — I(x) is in .(R), the
Schwartz space of rapidly decreasing functions. As a consequence, the asymptotic
behavior of 7(x) at +00, modulo . (R), presents some interest only at critical points
of the phase. If the phase is analytic, then one can show that this asymptotic behavior
only depends on the Taylor series of the amplitude function at critical points of the
phase and that /(x) can be expanded in an asymptotic series

n—1
Z x7P/r Z Cpk logk (x),
p k=0

where r is a positive integer not depending on f and p is an element of N\ {0} (see
[23, Section 7], [2, Chapter 7]). Using Hironaka’s resolution of singularities on the
phase function, one can prove this result by reducing to the case of a monomial phase.
The exponents —p/r and k are related to the monodromy of the phase, in case the
phase has an isolated singular point in the complex domain: e i(F =D js actually an
eigenvalue of multiplicity at least k + 1 of the monodromy operator of the phase (see
[23] for more details). Furthermore, the principal part of the exponents —p/r, called
the oscillation index (see [2, Section 6.1.9]), can be computed in terms of Newton’s
diagram of the Taylor expansion of the phase at its critical point (see [2], [33]).
Similarly, in this article, we estimate and compare the asymptotics at infinity
of different terms appearing in our parameterized integrals, namely, integrals as in
(2), and in this situation the preparation theorem for constructible functions (Proposi-
tion 3.10) appears as the counterpart of Hironaka’s theorem. Of course, in our general
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context, no geometric interpretation for exponents appearing in the asymptotics con-
sidered can be given, but there might be connections with the classical cases still to
be discovered.

An oscillatory integral of the second kind has the form

1) =[x, )e®*dy, @)
yER?

where now x = (x1,...,Xy,) is a tuple of variables. A classical example of an oscil-
latory integral of the second kind is given by Fourier transforms. A second more
complicated example is given by the Fourier integral operator (see [14], [27]), which
plays a role in approximating the solutions of a large class of PDEs (e.g., the wave
equation). A natural question arises: how does one describe the nature of (4) accord-
ing to the nature of the amplitude and of the phase?

Note that in (4) the parameters x are “intertwined” with the integration variables
y in the expressions for the amplitude f and the phase ®. If we consider oscillatory
integrals of the second kind with subanalytic amplitude and phase, then the aforemen-
tioned preparation results prove a very powerful tool for monomializing the phase
while respecting the different nature of the variables x and y.

The main result of this article (Theorem 2.12) implies that oscillatory integrals
(of the first and second kinds) with subanalytic phase and amplitude belong to the
system &. Moreover, still by the stability of & under integration, oscillatory integrals
with subanalytic phase and amplitude in & still belong to &.

In particular, for X € R™ subanalytic, the algebra &(X x R) is stable under
taking parametric Fourier transforms:

if f(x,1)€&(X xR)and Vx € X, f(x,) € LY(R),

. . (5)
then f(x,y) = / f(x,1)e ™ dt € (X x R).
R

On the other hand, & can also be viewed as the smallest system of C-algebras
that contains the class € of constructible functions and is stable under composition
with subanalytic functions and parametric Fourier transforms (see Remark 2.14(3)).
Since there are not many systems (of algebras) of functions which are stable under
Fourier transforms, we would like to insist in this Introduction on the fact that & is
such a system, which is moreover fully described by its generators.

Like & (R"), the space of Schwartz functions .(R") is also an algebra that is
stable under taking Fourier transforms. Since the Fourier transform operator

F (LR 2) = (LR, - 2)

is continuous, using the density of .#(R?) in the space L?(R"), one can extend
7. (R") - Z(R") to
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Z: L2(R") — L*(R"). (6)

One thus obtains the classical stability of L2(IR”) under the Fourier—Plancherel exten-
sion .7 of the Fourier transform .%. In Section 7 we prove that & is even stable under
the extension .Z of the Fourier transform: the image of &(R") N L?(R") under F
is &(R™) N L2(R") (see Theorem 8.3). To this end, we need to develop in Section 8
elements of a theory of uniformly distributed families of maps.

Let us also mention that, since the function e ! is in &(R) (see Example 7.4),
one may interpolate families of exponential periods with functions from &. More pre-
cisely, by following [4] and [17, Section 4.3], a real number « is called an exponential
period if there exist A C R” (for some n € N) and functions f, g: A — R such that
A, f, and g are semialgebraic over Q (i.e., they are described by first-order formulas
in the language of ordered rings with no other constant symbols than rational num-
bers) and

a= [ f(nePay.
yeA
A natural version in families of this concept is the following. Let X € R™, let A C
X xR", and let f,g: A — R be semialgebraic over Q. Suppose that, for each x € X,

a(x) = / L0y
YEAX

is finite, where Ay ={y e R" : (x,y) € A}, fx(y) = f(x, ), and gx(y) = g(x, ).
Then the collection {a(x) : x € X N Q™} forms a natural family of exponential peri-
ods. Suppose that there is a constant N such that g < N on A. It then follows from
the stability under the integration of & (see Theorem 2.12) and Example 7.4 that the
interpolating function R > x — a(x) € R belongs to &(X).

Finally, the work in this article can be seen as addressing a question raised by
D. Kazhdan at the 2009 Model Theory Conference, about a possible model-theoretic
understanding of real oscillatory integrals, an analogy to the understanding of motivic
oscillatory integrals in [7] and [15].

2. Notation, main results, and layout of this article

This section states the main definitions, theorems, and corollaries of the article. We
proceed to construct & by first defining some systems of rings of functions interme-
diary between § and &.

Definition 2.1
For each subanalytic set X € R™, define € (X) to be the ring of real-valued functions
on X generated by
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8(X) U {log f(x): f € 8(X), f >0}.

We call €(X) the ring of constructible functions on X, and we say that a function is
constructible if it has a subanalytic domain X and is a member of € (X ). Write

€= (e(X))

X is subanalytic

for the system of all constructible functions. Thus, f € €(X) if and only if f can be
expressed as a finite sum of finite products of the form

f) =Y fi) [Tlog fix(x) (7)
J k

with fj7fj,k € $(X) and fj,k > 0.

It is easy to see that any constructible function can be defined as a parameter-
ized integral of a subanalytic function, and it was shown in [8, Theorem 1.3] that the
constructible functions are stable under integration. Therefore, the constructible func-
tions form the smallest class of functions defined on the subanalytic sets that is stable
under integration and that contains all subanalytic functions.

It follows that

C(X)U /™ fes(X)) CE(X)

for each subanalytic set X . This leads us to the following definition.

Definition 2.2
For each subanalytic set X € R™, define €+ (X) to be the ring of functions on X
generated by
E(X)U /™ fes(X)).
Write

-€exp = (\eexp

naive naive (X) ) X is subanalytic®

Thus, f € €F (X) if and only if f can be written as a finite sum

naive

J
S) =) fj(x)e? @, with f; € €(X) and ¢; € 8(X).
j=1

The elements of €0

give the following definition.

(X) are complex-valued functions. Hence, it is convenient to



8 CLUCKERS, COMTE, MILLER, ROLIN, and SERVI

Definition 2.3

If f: X — C is such that its real and imaginary components are in & (X) (resp., in
€ (X)), then we call f a complex-valued subanalytic (resp., constructible) function.
Note that if ¢ (x) is a bounded subanalytic function, then ™) is a complex-valued
subanalytic function.

Remark 2.4

We will see in Section 7 that the elements of €§;§e([o, 400)) have certain convergent
asymptotic expansions at +oo. This implies that there are no Schwartz functions in
€ ([0,+00)). In particular, the function f(x) = e~ is not in € \0 ([0, +00)),
while it can be easily shown that f € & ([0, +00)). Now consider the function Si(x) =
fox Smtﬁ dt, which is clearly in & ([0, +00)). However, Si(x) is easily seen to have a

divergent asymptotic expansion at +oo; therefore, Si cannot be in €.." ([0, +00)).

(The details of the proof of this remark will be carried out in Section 7.)

This example suggests that, to construct &, we cannot avoid including functions
computable from single-variable integrals. Our main claim is that we will only need
to consider single-variable integrals of the following special form.

Definition 2.5
For each £ € N, subanalytic set X CR™, and & € (X x R) such that Vx € X, ¢
h(x,t) € L'(R), define y;¢: X — C by

Yho(x) = /]Rh(x,t)(logltl)eei’ dr.

This definition makes sense, because for each x € X, requiring that ¢ — h(x,?) is
in L'(R) is equivalent to requiring that 7 > A (x, )(log|¢])¢ is in L' (R). This is easily
justified using elementary calculus and expanding ¢ — h(x,?) as in Remark 3.1.

Remark 2.6
If g € §(X), then sometimes it will be convenient to see g as a function of type
V.. To see this, take £ = 0 and h(x,t) = %g(x))((t), where y(¢) is the characteristic

function of the interval [, Z]. In particular, the constant function 1 can be viewed

as a function of type y ¢ (and for the rest of this article we will implicitly assume so).

Note that, for x € X, yp ¢(x) = fRﬁ(x, t)dt, where ’hv(x,t) = h(x,1)(log|t|)te"
if 7 #0and h(x,0)=0.Since h € €.," (X xR)and €;." (X xR) C §(X xR), we

must have y, ¢ € &(X). This leads us to the following definition.
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Definition 2.7
For each subanalytic set X € R™, define €*P(X) to be the €, (X)-module of
functions on X generated by

{yne:teNand h e $(X xR) with r — h(x,7) in L' (R)}.
We write

€ 1= (€ (X))

X is subanalytic”
Thus, f € €¥*P(X) if and only if f can be written as a finite sum

J
fx)= Z Ji)vn;0;(x), with fj € ‘C’s;%e(X),hj €8(X xR), and{; €N,

J=1

where Vx € X, +> h;(x,t) € L'(R) for each .

Remark 2.8

Note that €°*P is stable under composition with subanalytic functions in the following
sense: if X € R™ and Y € R” are subanalytic sets, G : Y — X is a subanalytic map,
and f € €*P(X), then f o G € €¥*P(Y).

For each subanalytic set X € R, it is clear that €**P(X) € &(X). Hence, our
next task is to study the parametric integrals of functions f € €“*P(X x R").

Notation 2.9

Write (x, ¥) = (X1....,Xm, V1...., yn) for the standard coordinates on R™ " Define
II,,: R*t" - R™ by I1,,(x, y) = x. For each set D C R™+"  define the fiber of D
over x by

D, ={yeR":(x,y) € D}.

Definition 2.10
For any Lebesgue measurable function f: D — C with D € R™*" and I1,,(D) =
X, define the locus of integrability of f over X by

Int(f,X):={xeX: f(x,) e L'(Dy)}.

Remark 2.11

Let f € €*P(X x R"), and suppose that f(x,-) € L'(R"?) for all x € X. To com-
pute F(x) = fyeR,, f(x,y)dy, one typically works by induction on 7, using Fubini’s
theorem to express it as an iterated integral
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/]‘{nl (/Rf(xayl,-~-’Yn—1,yn)dyn)dy1 /\"'/\dYn—L

But then one is confronted with the fact that
(x,yl,...,yn_1)|—>/f(x,yl,...,yn—l,yn)dyn ®)
R

might not be defined on all of X x R"™1; all we know is that (8) is defined for all
x € X and almost all (y1,...,ys—1) € R""!. So in order to have a stable framework
that considers (8) to be a “parameterized integral” as well, it is useful to consider the
more general situation from the start where one drops the assumption that f(x, y) is
integrable in y for all x € X, but one then additionally studies the locus of integrabil-
ity of f over X (see Theorem 2.20).

We are now ready to state the main result of this article.
THEOREM 2.12 (Stability under integration)

Let [ € €*P(X x R") for some subanalytic set X C R™ and n € N. Then there exists
F € €% (X) such that

F(x)=/Rn f(x,y)dy forall x ent(f, X).

It is clear from the definition that the module €**P(X) is closed under addition,
but it is not so apparent from the definition alone whether €“*P(X) is closed under
multiplication. That €*P(X) is a ring is in fact a consequence of our main result.

COROLLARY 2.13
For each subanalytic set X, €*P(X) is a ring.

Proof
For any n € N and functions yp, ¢,, ..., Vh, £,> Writing y = (y1,..., y») we have

[T, 0=TI( /R hx.y;)(log|y 1) ¢ dy )
j=1 j=1

Z/Rn(j"

which is in €**P(X) by Theorem 2.12. It follows that €*P(X) is closed under multi-
plication. O

hx,y;)(10g]y,1) € ) dy,
1
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Remarks 2.14

(1) Theorem 2.12 and Corollary 2.13 imply that €% is indeed the smallest col-
lection of C-algebras that contains § U {e'/ : f € 8} and that is stable under
parametric integration. Hence, €%P = &.

2) Note that €% is closed under complex conjugation; hence, the real and imagi-
nary parts of functions in € are also in €*P. Moreover, €% is closed under
taking Fourier transforms (over R™ and over R with parameters, as in (5)).

(3)  The ring €*P(X) can also be described as the smallest C-algebra 4 (X) con-
taining €(X) that is also stable by composition with subanalytic functions
(the operation defined in Remark 2.8, where we take n = m) and by tak-
ing parametric Fourier transforms (the operation defined in (5)). To see this,
note that Remark 2.8 and item (2) immediately above together imply that
A(X) € €%*P(X). To prove the other inclusion, note first that a function of
type yn¢ (as in Definition 2.5) is a parametric Fourier transform of a function
in €(X). To see this, note that the parametric Fourier transform of the function
t +— h(x,t)(logt)t is the function

F(x,y) = / h(x,1)(logt)be 271 4y
R

and we have yp, ¢(x) = F(x, —%), where evaluating F' at the points (x, —%
is allowed, thanks to the stability by composition with subanalytic functions.
Moreover, the function (x1,...,x,) — eiX1 belongs to +A(X), since the func-
tions % and % are Fourier transforms of the characteristic function of
a suitable interval (see, e.g., [13]). Finally, by the stability under composition
with subanalytic functions, if ¢ € §(X), then ¢ € A(X).

We now illustrate the main steps of the proof of Theorem 2.12.

Definition 2.15
Consider a subanalytic set X. Call f: X — C a generator for €*P(X) if f is of the
form

f(x) = g(x)e?@y(x), 9)

where g € €(X), ¢ € 8(X), and y = yp ¢ for some £ € N and 1 € (X x R) with
t + h(x,t) in L'(R). When y = 1, we will also call f a generator for ‘6;;56(X ).
Note that a function is in €**P(X) if and only if the function can be expressed as a
finite sum of generators for €P(X), and likewise for € .0 (X).

Remark 2.16
The function f given in (9) is determined by the data (g, ¢, %, ). However, the
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choice of underlying data is not uniquely determined by the function f itself (see
Remark 2.6). In what follows, we will always assume that, when we have a generator
/', achoice of underlying data has been specified.

The purpose of the next two definitions is to identify a particular type of generator
for €*P(X x R™) which is integrable everywhere and whose integral can be computed
using the Fubini—Tonelli theorem.

Definition 2.17
To the function (9) we associate the function f: X — [0, 400) defined by

S = [g(0)][y™ ().
where ya: X — [0, +-00) is defined by

Vabs(x)=/|h(x,t)(log|t|)z|dt.
R

For f asin (9), note that for any x € X we have |y(x)| < y®(x), so | f(x)| <
£3(x), and these inequalities can be strict. Observe that, for any given generator f
for €*P(X), £ is uniquely determined by the underlying data used to define f as
in (9), not by the function f itself.

Definition 2.18
We say that a generator f for €*P(X x R") is superintegrable over X if f2(x,-) €
LY(R") forall x € X.
In Section 4 we will prove the following result.
PROPOSITION 2.19 (Integration of superintegrable generators)

Let f be a generator for €*P(X x R") that is superintegrable over X, and define
F: X —>Cby

o= [ 1wy,
Then F € €% (X).

The key step to the proof of Theorem 2.12 is given by the following interpolation
result, which holds whenever we integrate with respect to a single variable y € R.
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This result also gives a structure theorem for the locus of integrability of functions in
TP (X x R).

THEOREM 2.20 (Interpolation and locus)
Let f € €*P(X x R) for some subanalytic set X C R™. Then there exists g €
C*P(X x R) such that

Int(g,X)=X
and
f(x,y)=g(x,y) forallx ent(f, X)andall y € R.

Moreover, g can be written as a finite sum of generators for €P(X x R) that are
superintegrable over X . Finally, there exists h € €**P(X) such that

Int(f,X)={x€X:h(x)=0}.

Once we have established Theorem 2.20, the proof of Theorem 2.12 follows eas-
ily. The case n = 1 is implied by Theorem 2.20 and Proposition 2.19. For n > 1 we
will use Fubini’s theorem and induction on the number of variables with respect to
which we integrate, as explained below.

Notation 2.21

Write (x,y) = (X1,...,XmsY1.-...yn) for coordinates on R™*". For each k €
{1,....n} and O € {<,>,<,>}, write yo for (y;),;or. For example, yx =
1.+, yk—1) and y<k = (¥1...., yk), and also TTx(y) = y<k and Ik (x, ) =
(. y<k)-

Proof of Theorem 2.12
If n = 1, then by Theorem 2.20 there exists g € €*P(X x R) such that

f(x,y)=g(x,y) forallx elnt(f, X)andall y €R.

Moreover, g is a finite sum of superintegrable generators. The sum of their integrals
belongs to €©“*P(X), thanks to Proposition 2.19, and gives us the required F.

Let n > 1. By Fubini’s theorem, for all x € Int(f, X), the function gy : y<, —
Jg f(x.y)dy, is defined for all y-, belonging to some set E, R”~! such that
the set R”~! \ E, has measure zero. Moreover, g, is integrable with respect to y,,
and fpu f(x,y)dy = [g_gx(¥<n) dy<n. If we apply the case n = 1 just proved to
the function f seen as an element of €*P (57 x R), where X = X xR"1, then we
obtain the existence of F; € ‘6“"()7) such that, V(x, y<y) € Int( f, )7), Fi(x,y<n) =
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Jz f(x.y)dy,. So, in particular,

/ h (x,y<n)dy<n = / gx(Y<n)dy<n

R~ .

for all x € Int( f, X'). By the inductive hypothesis applied to F;, we obtain the exis-
tence of F € €*P(X) such that, Vx € Int(Fy, X), F(x) = fRn—l Fi(x,y<n)dy<y.
Note that this argument shows that Int( f, X) € Int(F;, X); hence, we are done. [

The structure of the article is the following. In Section 3, we establish some nota-
tion and we review a series of known results about subanalytic and constructible
functions. Such results are mainly due to [8], [20], and [9]. In Section 4 we prove
Proposition 2.19.

Section 5 is the core of the article. In this section we prove a preparation theorem
for functions in €*P(X x R), namely, Theorem 5.2. This states that for each f there
is a partition of X x R into finitely many subanalytic sets such that, on each of these
sets, f can be written as a finite sum of generators, each of which is either superin-
tegrable or “naive in the last variable” (see Definition 5.1). As a consequence of the
proof of this theorem we obtain that the functions in €°*P are piecewise analytic (see
Remark 5.8).

In Section 6 we complete the proof of Theorem 2.20. In order to do this, we
apply Theorem 5.2. Subsequently, we show that any nonzero linear combination of
nonintegrable generators for €% (R) such that the arguments of the exponentials
are distinct polynomials cannot be integrable (see Proposition 6.5(3)). The proof of
this latter result uses the theory of continuously uniformly distributed maps and is
postponed to Section 6.

Finally, in Section 7 we deduce a series of consequences of our main results:
we prove an asymptotic result for elements of €:." (R), we give two examples of
functions that are in €**P(R) but not in €.’ (R), and we prove that € is sta-
ble under taking pointwise limits and also has an analogue for parametric families
of the completeness theorem for L7?-spaces. Moreover, we prove that the exten-
sion of the Fourier transform to L2(R") sends €*P(R") N L2(R"™) onto €*P(R") N
L%(R").

For the reader’s convenience, we describe the dependence relations between the
results in the two following diagrams. The first diagram concerns the stability of €*P
under integration (see Theorem 2.12).
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Proposition 6.5 Theorem 5.2

Theorem 2.20 Proposition 2.19

Theorem 2.12

I\I\I

The second diagram concerns the L?-completeness and the stability of €“*P under
the Fourier—Plancherel transform (see Proposition 8.2 and Theorem 8.3).

Lemma 8.9 | <—— | Proposition8.7 | <——

Remark 8.5

N

Theorem 5.2 Lemm

o

o]
—_
o

Proposition 8.2

Theorem 8.3

I

3. Preparation of subanalytic and constructible functions

This section gives the version of the preparation theorem for subanalytic and con-
structible functions that we will use throughout the article. It is mostly a review of
ideas from [20] and [9] but formulated in a way that is convenient for our current
purposes.

Remark 3.1
It is well known that every subanalytic function of one variable admits a convergent
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Puiseux expansion at +o00 (see, e.g., [22], [28]). More precisely, if g € §(R), then
there are ¢ € R, d € N, r € Q (which can be chosen as an integer multiple of %),
and an absolutely convergent power series H € R{y}, with H(0) = 0, such that for x
sufficiently large

g(x) =cx" (1 + H(x™7)). (10)
In particular, for x large, g can be written as

g(x) = p(x ) + go(x), (1)

where p € R[y], with p(0) =0, and gy is a bounded subanalytic function.

The subanalytic preparation theorem given in [20, Théoreme 1] can be viewed
as a parametric version (in several variables) of the preceding remark, and the con-
structible preparation theorem given in [9, Corollary 3.5] is the natural extension of
this latter result to the context of constructible functions.

We fix some notation.

Definition 3.2

A set A € R™ " is open over R™ if the fiber Ay is open in R” for all x € IT,,(A).
For any set X CR™, callamap f: X — R” analytic if f extends to an analytic map
on a neighborhood of X in R™.

Recall Notation 2.21.

Definition 3.3
A set A CR™" is a cell over R™ if A is subanalytic and, for each j € {1,...,n},
I+ ; (A) is either the graph of an analytic function in § (I, j—1(A4)) or else

Iy (A) = {(x, y<j) 1 (x.y<j) € Dy jo1(A).aj(x,y<j) <yj <b;j(x.y<j)}

for some analytic, subanalytic functions a;(x,y<;) < b;(x,y<;), where we also
allow the possibility that a; = —oo and the possibility that b; = +o0. If m =0,
we will just say that A4 is a subanalytic cell.

Definition 3.4

Let A € R™™! be a cell over R that is open over R, and write (x,y) = (x1,...,
Xm, ) for coordinates on R™*! Call §: I1,,(A4) — R a center for A if the following
hold.

(1) 0 is an analytic subanalytic function.
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(2) The graph of 8 is disjoint from A and is either contained in or is disjoint from
the closure of A4 in IT,,(A4) x R.

(3)  The image of 0 is contained in one of the sets (—o0,0), {0}, or (0, +00).
Moreover, when 8 # 0, the closure of {|y/6(x)|: (x,y) € A} in R is a com-
pact subset of (0, +00).

(4)  The set {y —8(x) : (x,y) € A} is contained in one of the sets (—oo,—1),
(—1,0), (0,1), or (1, 4+00).

Note that, when 6 is a center for A4, there exist unique o, t € {—1, 1} such that

{o(y —0(x))": (x,y) € A} € (1, +00)
and A is of the form
A={(x,y):x € Mu(d),a(x) <o(y —0(x))" <b(x)} (12)

for some analytic, subanalytic functions 1 < a(x) < b(x), where either b < +00 on
I1,,(A) or b = +00 on I1,,(A).
Define Pg = (Pg,1,..., Pom+1): I (A4) x (1, +00) — I1,,(A4) xR by

Py(x,y) = (x,09% + 0(x)). (13)
Define Ag = P, '(A), and note that
Ag = {(x,y) xell(A),alx)<y< b(x)} (14)
and that Py restricts to a bijection Py: Ag — A whose inverse is given by
Pe_l(x,y) = (x,a(y — G(x))r).

We will henceforth restrict Py to Ag, considering it to be a bijection from Ag to A.

Remark 3.5
When b = 400, necessarily t = 1 and the second sentence of Definition 3.4(3)
implies that 6 = 0.

For any polyradius r = (rq,...,7y) € (0, +00)", define

B, (C)={zeC":|zy| <ry,....|zn| <ry}  and

B,(R) = B,(C)NRY,

where z = (z1,...,2ZN).
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Definition 3.6

Let ¥: X — R be a subanalytic map such that ¥ (X) € B,(R) for some r €

(0, +00)V. We call f: X — R a y-function if there exists a real analytic function

F such that f = F oy and F is given by a single convergent power series in N

variables, centered at 0 and converging in some open neighborhood of B, (R) in RY .
Observe that F' extends uniquely to a complex analytic function on a neighbor-

hood of B, (C) in CV . If we additionally have that

|F(z)—1| <1 forall z € B,(C),

then we call f a v -unit.

Remarks 3.7

Let f = F o be a ¥ -unit, with r as above. Then we have the following.

(1)  There exist strictly positive constants k < K such that k < |F(x)| < K for
every x € B, (R).

(2)  The set F(B,(C)) is compact. Therefore, there exists ¢ € (0,1) such that
|F(z) —1|<1—¢forall z € B,(C).

(3)  Remark 3.5 shows that the natural logarithm extends to a holomorphic func-
tion on a neighborhood of F(B,(C)) in CV, so log F is given by a single
convergent power series on B, (C) centered at 0. Therefore, log f : X — R is
a Y -function.

Definition 3.8
Consider the cell A in (12) and a bounded, analytic, subanalytic map v, defined on
A, of the form

Y(x.y) = (m(x),...,cN(x),( a(x) )l/d (M>l/d)

o(y —0(x)* b(x)
if b < +o0,
a(x) 1/dy
y) = s (—— fb= o0,
Ve = (a0 ev . (coTgrs) ) ifh=rre
for some positive integer d and some analytic functions c1,...,cnN.

We say that a subanalytic function f: A — R is ¥ -prepared if

fy) = fox)|y —000)| ulx, y)

on A for some analytic fy € §(I1,,(A4)), v € Q, and u a ¥ -unit.
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Remark 3.9
We will frequently apply this concept to the situation when A = Ag (namely, 6 =0
and 0 = t = 1), in which case

Yvi(x,y)= (cl(x),...,cN(x), (?)l/d, (L)l/d) if b < 400,

b(x)
(x)) /4 (4
v(x,y)= (cl(x),...,cN(x), (%) ) if b = 400,
and
f(x,y)zfo(x)y”u(x,y), (16)

on Ay for some analytic fo € §(I1,,(A)), v € Q, and u a -unit.

PROPOSITION 3.10 (Preparation of constructible functions)

Let D C R™ ! be subanalytic, and let ¥ < €(D) be a finite set of constructible
Sfunctions. Then there exists a finite partition A of D into cells over R™ such that for
each A € A that is open over R™ there exists a center 0 for A such that, for each
f €%, wecan write f o Py as a finite sum

foPy(x,y) =" g;(x)y" (logy)* h;(x,y) (17)
jeJ

on Ay, where

(D) Ag is asin (14);

2) Py isasin (13);

3) the functions h j are \-functions (see Definition 3.6), where V is as in (15) for
some analytic functions c1,...,cy and some integer d > 0;

(@) sj € N and the r;’s are integer multiples of 1/d ;

(5) the functions g; are analytic and in € (I1,,(A)).

Proof

We apply [9, Corollary 3.5], and we obtain a cell decomposition «+ such that (17)
holds, with conditions (1) and (2) satisfied. Up to refining -+, we may assume that
(5) also holds. We must now show that, up to some refinement of 4, we may assume
that conditions (3) and (4) hold as well. By [9, Corollary 3.5], we know that a weaker
version of condition (3) holds, namely, the /2 ;s are of the form F o w where F isa
power series converging on some open set 0_ containing the closure of the image of
\7// and $ is a bounded map whose components are

1), ear(0). (er (/) (ea)y)
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for some M > 0, some d > 0, and some analytic, subanalytic functions cy,...,cpy,
e1,e2. We now explain, in the case in which b(x) < 400, how we can obtain the
quotients a(x)/y and y/b(x) as arguments instead of e;(x)/y and ex(x)y. (The
case b(x) = +oo is similar and even easier.) Since e1(x)/y and e, (x)y are bounded
and since y runs from a(x) to b(x), one has that e (x)/a(x) and e>(x)b(x) are also
bounded. Let i (x, y) be

(100w (0. er(/a) " fearpe) . (0) 7 (25))

and
i RMY s (22, 20, 20, 23, Za) W (20, 2 21 23, 2o Zg) € RM Y2,

Then v is bounded, J = o ¥, and the closure of the image of v is contained in
the open sets 7 1(0;). We rename cp4+1 = (e1(x)/a(x))/? and cpir =
(e2(x)b(x))"/4 and we set N = M + 2. It is clear that the power series Fj= F; om
converge on 7~ !(0;) and that F;(y) = ,I*:;-(J) on Ay. Hence, condition (3) holds.
Finally, by replacing d by an integer multiple if necessary, we can assume that con-
dition (4) also holds. U

Remark 3.11
We have stated Proposition 3.10 in the transformed coordinates (via Py) out of con-
venience. In the original coordinates, (17) becomes

F@y) =Y Ty —0)|7 (log]y — 6(0)])* o (x. »)

jeJ
on A, where g;(x) =t/ g;(x),7; =trj, and ’hv(x,y) =ho Py (x,y).

Remark 3.12

If ¥ € 8(D) is a finite collection of subanalytic functions, then the proof of Propo-
sition 3.10 (where we replace the use of [9, Corollary 3.5] by the use of [9, Theo-
rem 3.4]) shows that, for each f € ¥, on Ag we can write f o Py in the ¥ -prepared
form in (16). In addition, it follows from the proof of the subanalytic preparation
[19, Théoreme 1] that if € € (0, 1) is given beforehand, then the preparation can be
constructed so that each ¥ -unit u, as given in (16), is within ¢ of 1, by which we
mean that ¥ = U o ¢ for some r € (0,00)™ (where M = N + 2 when b < 400,
and M = N + 1 when b = 400) such that ¥ (A4y) € B,(R) and some real analytic
function U on B, (R) that extends to a complex analytic function on a neighborhood
of B,(C) in CM such that |U(z) — 1| < & for all z € B,(C).
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Remark 3.13

In the situation described in Proposition 3.10, we may also assume that the following
two properties hold when b = +oo. Let J1 ={j € J : hj = 1}. Then,

(1) foreach j e J\ Ji,r; <—1;

2) ((rj.s5)) e, is a family of distinct pairs in QQ x N.

To see this, note that because b = 400, we may write /1 ; as a convergent power series

(e y) = Zh,ku)(“(x))

for (cy,...,cn)-functions & . To obtain property (1), for each j € J, fix nj € N
such that
nj

rj — 7 < —1
and write the jth term of (17) as
n;j—1
> i) r(x)ax) 4y (log y)* + R; (x, y),
k=0

where
(k—nj)/d
R;(x.y)=g;(x)a(x)"/4yri=nild(log y)si ( Z h k(x)(a(x)) )

k=n;

To obtain property (2), simply sum up terms in (17) for j € J; with equal powers r;
and s;.

We now study the integrability properties of the prepared form given in (17). The
following remarks will be useful in Sections 4 and 6.

Remark 3.14
Consider the situation described in Proposition 3.10 for some A € #. In the notation
of Proposition 3.10, for each j € J, write

Gj(x,y):=g;(x)y"7 (logy)* hj(x,y).

(D Note that we have

3P _
dy Po(y) = %(x,y) =0ty !,

that  — 1 equals either O or —2, and that
Int(f A, Hm(A)) = Int((f o Py)d, Py, Hm(A)).
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For each j € J and x € I1,,(A4), y = G(x,y) extends to a continuous (in
fact, analytic) function on the closure in R of the fiber (Ag)y, and likewise for
dy Pg.

In particular, when b < 400, Int(G 9y Py, I1,,(A)) = I1,,(A) foreach j € J.
Let b = 400, and recall Remark 3.13(1). Foreach j € J \ J; and x € I1,,(A),
the function y > G (x,y)dy Pg(y) is o(y*™2) as y — +o0 and is therefore
integrable. For each j € J,

G;(x,y)d,Pe(y) =01g;(x)y" 7T (log y)*/,

which is integrable in y if and only if g;(x) =0orr; + 7 <O0.
Therefore, by defining

JM=(J\JDU{jeJi:rj+1<0}
we see that, for each j € J,

I,,(A) if j € JM,

Int(G;dy Po., M (A)) = {{x eMn(A):g;(x) =0} ifjeJ\J™

In the situation of Remark 3.13, define the constructible functions

glx,y)= Z Gj(x,y) forall (x,y) € Ag,

jeJm
h(x) = Z g?(x) for all x € I1,,(A).
jeJ\Jm
Then
Int(f | A Hpm(A)) = {x € Du(A) : h(x) =0},
Int(gdy Py, I (A)) = I, (A),
and

foPy(x,y)=g(x,y) forall (x,y)e€ Ag withx €Int(f | A, I,(A)).

To see this, note that Remark 3.13 shows that Int(gdy Py, I1,,(A4)) = 1, (A4),
and clearly

foPg=g ontheset{(x,y) € Ag:h(x) =0},

so {x € I1;,(A) : h(x) =0} C Int(f | A, I1,,(A)). To show that Int( f | A4,
I1,,(A)) € {x € I1,,(A) : h(x) = 0}, note that if x € I1,,(A) is such that
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h(x) # 0, then by choosing jo in the set {j € J \ J™: g;(x) # 0} with
(7jo.8j,) greatest with respect to the lexicographical order on Q xR, it follows
from Remark 3.13(2) that

LSy
im ——— =1
y—=>+o00 G, (x,y)

El

so f(x,-) ¢ L'(Ay) by the remark.
(®)] In particular, if Int( f, X) = X, then Remarks 3.14(2) and 3.14(4) above show
that, for each j € J, we have Int(G 0, Py, I1,,(4)) = I1,,(A).

4. Integrating superintegrable generators
This section is dedicated to the proof of Proposition 2.19, of which we recall the
statement.

PROPOSITION
Let f be a generator for €P(X x R") that is superintegrable over X, and define
F: X —>Cby

Foo= [ .
Then F € €*P(X).

Proof
Assume that X € R™, and write

Flx, ) = g(x, )N y(x,y) for (x,y) € X xR,

where g € €(X xR"), ¢ € (X xR"), and y = yp ¢ for some £ € Nand 1 € §(X x
R” x R) with Int(h, X x R") = X x R".

Because | f(x, )| < £ (x,y) for all (x,y) € X x R" (see Definition 2.17), it
follows that f(x,-) € L'(R") for all x € X . Moreover, the Fubini—Tonelli theorem
shows that, for each x € X,

(y.1) = g(x, Y)h(x, y,0)(log [¢])°

isin L' (R" x R), and the iterated integral

[ remdy= [ ([ e ne®hee,p.ofiog) e ar) ay

Rl

can be computed as a product integral
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/ g(x,y)ei¢(x’y)h(x,y,t)(log|t|)£eit dy Adt.
R”? xR

Therefore, up to replacing n by n + 1, we may simply assume that y = 1.

Now construct a finite partition 4 of X xR” into cells over R™ such that, for each
A € A that is open over R™, either ¢ (x, y) = ¢po(x) on A for some ¢o € §(I1,,(A))
or else the function y > ¢ (x, y) is C! on A, with (o e 8¢ > 0 on A, for some o €
{—-1,1}and j €{1,...,n}.

When ¢ = ¢y,

/ f(x,y)dy =ei¢°(x’/ g(x.y)dy. (18)
Ax Ax

The fact that € is stable under integration (see [8], [9]) shows that the integral of g
with respect to y is in €(I1,,(A)). Hence, (18) is in €,." . (T1,,(A)).

In the other case, by pulling back by the inverse of the map (x, y) — (x,¢(x, y),
Y<j,¥>;) and multiplying by the Jacobian of this map, we may simply assume that

¢(x,y) = y1. Write A= I1,,+1(A), and note that the function g A — R defined by

§(x7y1)=/ g(x,y1,y=1)dy-1 foreach (x,y1) € 4,

A(x.yl)
is constructible and that
/ g(x, y)e?®M dy = /~ (x,y1)e¥tdy; foreach x € I1,,(A).
Ax Ax

We apply Propos1t10n 3.10to g(x, y1) and then work piecewise, thereby focusing
on one open cell BcA given by the preparation, which is open over R”. By applying
Remark 3.14(5), we may write

/; Z(x, y)e? dy,

X

as a finite sum of terms of the form
go(x) |_ [y1—0(x)|"w(x. y1)(log|yr — 6(x)]) e dy, (19)
By

where g¢ € ‘C(Hm(g)), r€@Q, s €N, uis a y-function (for some V), and @ is the
center given by the preparation on B. Thus, for some o € {—1, 1}, by applying the
coordinate change (x, y1) +— (x,0y1 + 6(x)) we may write (19) as

ogo(x)e?™ /B yi(log y1)*u(x, y1)e't dyy, (20)
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where B, C (0, 4+00) and u are the pullbacks of l?x and u by this coordinate change.
Note that, up to performing the coordinate transformation y; - oy, the one-variable
integral in (20) is of the form yp; with [ =5 and h(x, y1) = yJu(x.y1) xB.(V1),
where y p, is the characteristic function of the subanalytic set B,. This concludes the
proof of Proposition 2.19. O

5. Preparation of functions in €

Throughout this section, X denotes a subanalytic subset of R™, and we write (x, y)
for coordinates on R™ x R. This section states and proves our main preparation the-
orem for functions in €, The purpose of the preparation theorem is to express a
given f € €¥P(X x R) as a finite sum of generators for €%*P(X x R) that are either
superintegrable over X or are “naive in y” (in the sense that the y-functions in these
terms depend only on x and not on y; see Definition 5.1).

Definition 5.1
Let A C R™*1 be a subanalytic set, and let T'(x, y) € €%P(A) be a generator. We say
that 7" is naive in y if T is of the form

T(x,y) = f(x)y" (logy)*e?™),

where f € €*P(I1,,(A4)), r € Q, s €N, and ¢ € §(A). Note that, if T is naive in y,
then the function y appearing in (9) does not depend on y.

We use the notation from Definition 3.4 in the following theorem.

THEOREM 5.2

Let X CR™ be a subanalytic set, and let f € €“*P(X x R). Then there exists a finite
partition A of X x R into cells over R™ such that, for each A € A that is open over
R™, there exists a center 0 for A for which we may express f o Py as a finite sum

foPo(x,y) =) Tj(x.y)

jeJ

on Ag ={(x,y) :x € II,,(A),a(x) <y < b(x)}, where each T is a generator for
€*P(Ayg), such that
(1 if b < 400, then for each j, T; is superintegrable over I1,,(A);
2) if b = 400, then there exists a positive integer d and a partition J = J™ U
J " such that
(@)  foreach j € J™, T; is superintegrable over T1,,(A);
(b)  for each j € Jve T; is naive in y, is not superintegrable over
I1,,(A), and is of the form
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Ti(x,y) = f;(x)y" (log y)*/ s (=7), Q1)

where f; € €*P(I1,,(A)), rj e QN [—1,400), s; €N, and ¢; is a
polynomial in y'/¢ (for some d € N) with coefficients in $(I1,,(A))
such that ¢ j(x,0) = 0 for all x € I1,,(A); moreover,

((r] ’ Sj’ ¢] (x’ y)))je_]naive
is a family of distinct tuples in Q x N x R[yl/d].

Remark 5.3
Let us restrict our attention to a cell of the form

A={(x,y):erm(A),y>a(x)}. (22)

(By Remark 3.5, we have A = Ag.) The proof of Theorem 5.2 will actually show that,
for every j € J, there are r; € Q, s; € N, and a function g;(x,y) € €¥P(X x R)
which is bounded in y (more precisely, there is a subanalytic function 1 : I1,,(A) —
[0, +00) such that, Vy > a(x), |g;(x.y)| < n(x)) such that

Tj(x,y)=y"(logy)*/ g;(x,y). (23)

Moreover, if j € J™™, then ri <—1,andif j € JMive then, in the notation of (21),
we have g;(x,y) = f;(x)el®s ),

The proof of Theorem 5.2 will be broken down into several propositions and
lemmas.

Definition 5.4
Let X C R™ be a subanalytic set, and let A C X x R be a cell over R” which is open
over R™ . Let 0 be a center for A4, so that we can write

Ag = {(x,y) xell(A),alx)<y < b(x)},

for some analytic, subanalytic functions 1 < a(x) < b(x), where we also allow the
case when b = +o00 on I1,,(A), as in Definition 3.4.
Fix d € N\ {0} and a bounded, analytic, subanalytic map ¥ on Ay of the form

Yi(x,y)= (cl(x), ..., en(x), (a(y_x)>1/d’ (ﬁ)l/d> if b < 400,
(24)

and Y(x,y)= (cl(x),...,cN(x), (a(yx))l/d) if b = 4o00.
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Let J be an index set, and for all j € J, let
Aj = {(X,y,t) : (xvy) € Ae,aj(X,Y) <t <bj(X,Y)},

for some analytic, subanalytic functions 1 < a; < b;, where we also allow the case
when b; = 400 on Ag.
Suppose also that a;, bj, and b; —a; are y-prepared on Ag as follows:

aj(x,y) =ajo(x)y* ug;(x,y),
bj(x,y) =bjo(x)yPup, (x,y),
bi(x.y)—a;(x,y) = cjo(x)yuc, (x,y)

for some analytic, subanalytic functions aj,b;0.cj,0, some «;,8;,8; € Q, and
some Y -units Uqg; Up; Uc;. (When b; = 400 we stipulate that b; o = ;0 = 400,
Bj=8;=0,andup, =uc, =1,

In this situation, given d; € N\ {0}, we define the bounded, analytic, subanalytic
map ¥; on A; as

Vi(x,p,t) = (1/f(x,y), (aj,o(?;)yaj >1/d,-’ (bj,o(;)yﬁj )1/dj)

if b; < 4o0, (25)

o .

and Yi(x,y,t)= (W(x,y),(w)l/dj) ith; = +oo0.

The next proposition establishes that, after writing f* as a sum of generators and
after preparing suitably all the subanalytic and constructible functions appearing in
the generators, we obtain a decomposition of X x R into cells over which each of the
generators has a well organized form. In particular, the generators are superintegrable
over every cell in the partition whose fibers over R” are bounded (see Remark 5.7(2)
below).

PROPOSITION 5.5

Let f € €¥P(X x R), for some subanalytic set X € R™. Then there exists a finite
partition A of X X R into cells over R™ such that, for each A € A that is open over
R™, there exists a center 0 for A for which we may express [ o Py as a finite sum

foPy(x,y) =) Tj(x,y) (26)

jeJ

on Ag ={(x,y) :x € l1,,(A),a(x) <y < b(x)}, where each T is a generator for
C*P(Ag) of the form
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Ti(x,y) = f;(x)yP/ (logy)¥ e ™My (x,y) 27)

forsome f; € €(I1,,(A)), p; €Q, qj €N, ¢; € 8(Ag), and function y;, where

bj(x,y)
y,-(x,y):[ Ij(x,y,t)de (28)
aj(x,y)

with
Dj(x.y,t) =17 hj(x. y.1)(logt)* €/

for some rj € Q, s; €N, 0; € {—1, 1}, analytic, subanalytic functions aj,b; as in
Definition 5.4, and some V) j-function h; (where V; is as in (25), for some d,y,d; ).
We may furthermore assume that the rational numbers o, B, and 8; (see Defini-
tion 5.4) are integer multiples of 1/d.

Proof
Write f as a finite sum of generators for €*P(X x R), say,

fxy) = "Ti(x.y),
jeJ
where

i¢; (x,y)

Ti(x,y)=gj(x,y)e yi(x,y),

with
L i
) = [ Hyeynflogle) e ar
Apply Proposition 3.10 (in the form in Remark 3.11) to the collection

{Hj(x.y.0)(logr)} ., SEX xR xR). (29)

This gives a finite partition B8 of (X x R) x R into cells over R™*1. By further
partitioning in (x, y), we may assume that 4 := {I1,,41(B) : B € B} is a partition of
X x R. By working piecewise, we may focus on one A € 4. There are finitely many
disjoint cells B € B such that I1,,41(B) = A. Pick one such B which is open over
R™*1, Write

B={(x,y,1): (x,y) € 4,@(x,y) <1 —O(x,y) <b(x,y)},

where © is the center given by the preparation of the collection in (29). We fix an
element of this collection, and we focus on one summand of the preparation of such
an element. This will have the form
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folx,»)|t —O(x, )| (log|y — O(x,y)|) h(x,y.1),

where fo € €(A) and / is a W-function (for a suitable bounded subanalytic V).

We write e = ¢l((=0x:¥)ei®&.») By factoring out of the integral the term
fo(x,y)e®®¥) and by absorbing f; in the constructible coefficient g and ¢'©*-¥)
in the exponential term e'™*-Y) we can reduce to studying generators of the form

) b(x,») ‘
g e [ @G )| by logl - O ) e
a(x,y)
(30)
on A. Now, the set
{t=O(x,y): (x,y,1) € B} G1)

is contained in one of the sets (—oo, —1), (—1,0), (0, 1), or (1, +00).

Suppose first that (31) is contained in either (—1,0) or (0, 1). Then elt=0(x.y))
is a complex-valued subanalytic function on A (see Definition 2.3), so the integral
in (30) is a complex-valued constructible function on A. This implies that (30) is
in €" (A) (because € is stable under integration); hence, we can apply Proposi-
tion 3.10 to the constructible part of (30), preparing it with respect to the variable y.
Now, we can view the -function obtained in this preparation as a y-function of the
form (28) (see Remark 2.6), and we are done.

Now suppose that (31) is contained in (—oo, —1) or (1, +00). Then by applying
the change of coordinates ¢ — ot + ©(x, y) for an appropriate choice of o € {—1, 1}
and adjusting the definitions of @, ?;, and & accordingly, we may assume that 1 <
a(x,y) < g(x, y) and that (30) is of the form

, b(x,y) ,
g(x,y)e“/’(x’y)f t"h(x,y,t)(logt)*e" dt.

a(x,y)

Summing up, we have constructed a finite partition 4 of X x R into subanalytic
sets such that for each A € A we may write f as a finite sum

SOy =) gj(x,y)e? Sy, (x, y) (32)
jeJ

on A, where g; € €(A4), ¢; € §(A), and

aj(x,y)

bj(x.y) _
yi(xy) = / T (v y.0) di (33)

with
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Fj(x,y,t) =1t"7hj(x,y,t)(logt)* e/, (34)

where 1 <a; < ’5,» (with either E,- < 400 or Z/’ =+400),7r;€Q,5;€eN, 0; €
{—1.1}, and A} is a ¥ ;-function, with

?l'j(x,y))l/dj ( t l/d./)

J/j(xvyvt):(E},l(x’y)""’z},Nj(x’y)’( P ’B’(x y)
J ’

ifbj <00,

if(x,y)>1/df) T =

and  Yj(x,y,1)= (’E},l(x,y),...,E},Nj(x,y),( .

defined on

Ay ={(x.y.0): (x.y) € AT (x.y) <t <b;(x.y)}.

We may additionally assume that the positive integer d; has been chosen so that r; is
an integer multiple of 1/d;.

In order to have a more uniform notation, we will assume that aj maps into
RN +2 for each j € J. (This is the case when '17, < +00, and the argument adapts to
the case in which Z} = +o0 by simply ignoring the last component of Jj involving
(m)l/d-/‘.) For each j € J, fix p; = (pj1,..., PjN,;+2) and n; = (01, .,
nj.N;+2) in (0, 00)Vi+2 and also a real analytic function H j on B,(R) such that
17 ; (/Tj) C B,(R), E =H jo Jj, and H ; extends to a complex analytic function
on a neighborhood of B4, (C). We may assume that p; v;+1 = p;n,+2 = 1. Fix
¢ € (0, 1) sufficiently small so that, forall j € J and k € {1,...,N; + 2},

%P;,k<l7j,k+'lj,k ika{l,...,Nj}, (35)
AV <14 njx  ifk=Nj+lork=N;+2.

For each set A € +4, apply Proposition 3.10 (with respect to the variable y) to
{gjtjes CE(A)  and  {Tji.....TN, . @5.bj.b; —Ts}jes S S(A)

so that the units occurring in the preparation of {cj1,...,¢Cjn;,d; b bj—TjYjes
are within ¢ of 1 (see Remark 3.12), and then redefine 4 to be the finer partition of
X x R into the cells over R™ thus created.

Focus on one cell A € 4 that is open over R, and let 6 be the center of A
given by the preparation. We now use the notation set up in Definition 5.4, where
aj=4djoPyand b; = Z} o Py and where the positive integer d in Definition 5.4 has
been chosen to be a common denominator of the set of rational exponents {o;, 8,6 :
j € J} and also of the rational exponents of y in the r-prepared forms of each of the
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functions ¢ x :=¢C;x o Pg with j € J and k € {1,..., N;}. Since each constructible
function g; o Py is prepared on Ag, it is apparent from (32), (33), and (34) that f o Py
is of the form asserted in the conclusion of the proposition except for one detail:
although each function /;(x,y,t) := ;j (Pg(x,y),t) is clearly a Jj (Pg(x,y),1)-
function, the conclusion of the proposition asserts that / ; is a ¥ ;-function for the map
Y ; defined in Definition 5.4. To finish the proof, we will show that /z; is a ¥ ;-function
after v; is modified by extending its list of component functions c1(x), ..., cy(x) in
x alone by some additional functions in x obtained from the v/ -prepared forms of the
functions in {¢; x} k-

In order to have a more uniform notation when showing this, we will assume that
¥ maps into RN +2 (as would be the case when b < +00). For each j € J, define
K;-r to be the set of all k € {1, ..., N;} such that the exponent of y in the ¥ -prepared
form of ¢,k is greater than or equal to 0, and define K = {1,...,N;} \ KJJT. For
each j € J and k € {1,..., N;}, we may write

Cj’k,o(x)(ﬁ)w.k/dvj’k(x,y) ifke K;;.’
Cja0()(ER)ikldy y (x.y) itk €K7,

Cj,k(xmy) = {

for some ¢ ko € 8(I1,,(A)), vjx €N, and Y-unit v; . Fix ¢ = (q1,...,gn+2) In
(0,00)V*2 such that ¥ (A44) € B, (R) and such that forall j € J and k € {1,..., N;}
we have ug; = Ug; oY, up; =Up, oY, and v g = Vjx oy for some real analytic
functions U, ;, Up,, and V; ¢ on By (R) which extend to complex analytic functions
on a neighborhood of B, (C) such that, for each U € {Uq;, Up;, Vjk} k.

|U(z)— 1| <e¢ forall z € B4(C).

We may assume that gy +1 = gy4+2 = 1.
Focus on one choice of j € J. Writing out the equation /4 (x,y,t) = H; o
¥ (Pg(x,y),t) in full detail with the v -prepared forms of its components gives

a(x))Vj.k/d

iy =y ((eseo) (57) 7 Wik o v )

keKjT

(cj,k,o(x) ( %x) )vj.k/d

(Clj,o(x)yaf
t

Vikow(x.y))

+’
keKj

l/d_/'

l/dj
)" Uay 0w e )

1/d; _ )
(W) (Us; 0w (x.)) ). (36)

Consider k € {1,..., N;}, and observe that on Ay we have that |c; x(x,y)| < pjk,

that [v;x(x,y)| > 1 — &, and that a(x)

y . .
=5 and 5o can take values arbitrarily close to 1
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(for each fixed x € I1,,(A)). It follows that

lejk0(x)] < f%kg 37)

on Ag. Similar reasoning shows that

, o; di di d;
LA ()" [T s
t 1—¢ bj,o(X)yﬂj
(38)
hold on A4; as well. Clearly
1/d 1/d
(@‘ <1 and ’L‘ <1 (39)
y b(x)
on Ag, and also forall k € {1,..., N;} we have
Vil <l+e U, MY <1+,  and

(40)

d:
|Ub4|_l/d«7 < (L)l/ J
4 1—e¢

on B, (C). Using the variables (W, X,Y, Z) = ((Wk)llcv=1’ (Xj,k),ivil, Y1.Y2,721,2,),
define

H;(W.X,Y,Z):=H; ((XxY,7* Vj,k(W))keK;, (XY, " V,-,k(W))ker,
Zy (Uaj W) M ) Z2(Ub.f (W))_l/dj)~

Define

P1 PNj
11— " 1=¢’

P=(611,--~,QN, 1,1,1,1).

Observe from the inequalities (37)—(40), from the conditions (35) imposed upon our
choice of ¢, and from (36) that the range of the map on A given by

ey, 1) > (e 0)goy (k)2 (?)l/d’ (ﬁ)l/d’

(aj,o(x)ya-i )l/dj’ ( t )1/01/) @)
t bjo(x)yPi

is contained in B,(RR), that H; is defined as a complex analytic function on a neigh-

borhood of B,(C), and that ; is the composition of H; with the map (41). This

completes the proof. ([
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Definition 5.6
We call a generator for €% (Ag) of the form (27) a prepared generator.

Remarks 5.7
Fix a prepared generator 7 as in Proposition 5.5.

(1) If bj < 4o0, then we may suppose that r; = 0. If b; = 400, then we may
suppose that r; < —1.

To see this, suppose first that b; < 4-c0. If r; > 0, then write
gj(x9y)lrjhj(x1y9t)
; t rj
= (g:(x.v)(bio(x)yPi) ((7)}1 X, ,t)
(85 e, »)(bj0(x)y™)"™) TSI j (e y.0)

=gj(x,»)hj(x,p.1).

If rj <0, then write
gi(x. )tV hj(x.y.1)
i [ A,0() Y% NS

= (g7 (apoy) ) ((F52=) )

=gj(x. y)hj(x.y.0).
Note that, in both cases, ﬁ] is a ¥ j-function (but not necessarily a v ;-unit),
because r; is an integral multiple of 1/d;. We have hence reduced to the
case rj = 0. Suppose now that b; = +o00. Let ny be the smallest exponent
appearing in the series expansion of /; (x, y,t) with respect to the variable
(M)l/ 4 Then we can factor out the power (M)”O/ 4; from
the expansion of /; and write

, no/djy,ri— o~

&5 (e Ry, 1) = (2516, 9) (@0 () y® )" ) =10l (x, 1),
where ’I’Tj is a ¥j-unit. Note that 7; := r; — no/d; is necessarily strictly
smaller than —1. (Otherwise y; would not be defined.)

(2)  Whenever b < +o0, T; is superintegrable over I1,,(A). This is clear, since
for all x € I1,,(A), y — T]‘i‘bs(x, y) extends to a continuous function on the
closure of A, in R.

Remark 5.8

For all m € N, subanalytic X € R™, and g € €*P(X), there exists a finite partition
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4 of X into subanalytic cells (see Definition 3.3) such that g | A is analytic for each
open set A € A.

Proof

Apply Proposition 5.5 to f (except we now omit the variable y since we are working
on X rather than on X x R), and let +A be the partition of X so obtained. Consider
an open set A € 4. For each j € J, y; [ A is analytic because it is the integral of
an analytic function with analytic limits of integration. (Namely, basic facts about
power series show that the antiderivative in ¢ of the integrand I'j (x, ) is analytic, and
evaluating this antiderivative at analytic limits of integration in x gives an analytic
function in x.) It therefore follows from (26) and (27) that f | A is analytic. O

In view of Remark 5.7(2), we can focus our attention on cells which are
unbounded above. For such cells, our next goal is to reduce to the case where each
of the generators in (26) is either superintegrable or in ‘C’s:i%e(Ag), or is such that the
variable y does not appear in the integration limits @ ; and b; of the y-function.

PROPOSITION 5.9
Proposition 5.5 holds with the additional property that, whenever b = +00, every
T; is either superintegrable or in ‘€§;Re(A9), or there exist analytic and subanalytic

Sfunctions ajo,b; 0 on Iy (A) such that aj(x,y) = ajo(x) and either b; = +o00 or
bj(x,y)=bjo(x).

In order to prove the above proposition, we first need to establish two technical
lemmas (Lemmas 5.12 and 5.13 below). Their aim is to reduce to the case of prepared
generators such that the variable y only appears in the units in the prepared form of
the integration limits of the y-function; that is, or; = B; = 0. To achieve this, our
main tool will be to compute y by integrating by parts. This will lead to rewriting the
prepared generator as a finite sum of generators which are either superintegrable or
in €,," (Ag), or are in a better form. (For example, the variable y now only appears
in one of the two integration limits.) We will also have to refine the partition into
cells along the way. This is harmless when we refine the partition with respect to the
variables x. When further partitioning with respect to the variable y, we will possibly

create new bounded cells, which can be handled as in Remark 5.7(2).

Definition 5.10
In the notation of Definition 5.4, suppose that b; < +o00. We let ¥; _ and ¥ + be
the maps obtained from ; by omitting the last and the second-to-last components of
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¥, respectively. We extend this definition to the case b; = +o0 by stipulating that
Vj-=1v;and ¢4+ =0.

Remark 5.11
Note that, when b; = 400, a; and B; are necessarily nonnegative, since a;,b; > 1.

LEMMA 5.12 (Splitting)

Let f € €%*P(X) for some subanalytic set X C R™, and let A € A be one of the cells
obtained from Proposition 5.5 satisfying b = +o00. Let T; be one of the generators
corresponding to this A satisfying b; < 400, o; =0, and B; > 0. Then we may write
T; as a finite sum ), Ty of prepared generators, where each Ty, is either superinte-
grable or in €.+ (Ag), or is such that by = +oc (and hence hy is a Y —-function).
Proof

We consider a generator 7 as in the statement of the lemma. In the notation of Propo-
sition 5.5, let n; € N be such that

pj—njﬂj—l—Sj < —1. 42)

Our next aim is to write /2; as a sum of three terms, depending on the choice of n;,
as follows:

t

ajo(x)

hiGeoy) = (=) " hjm (00 + o (x.3.1)

t nj

+ (7) h ‘,+(X,y’t)7 (43)

bjo(x)ybi ’
where r; _ < —1isrational, h; _ is a y; _-function, /; 4 is a ¥, +-function, and /1o
is a finite sum of terms of the form g(x, y)zk , where g is a {-function, k € N, and z
is either (bLj)l/df or (44)Vds .

In order to do this, we expand /; as a series in the variables (lff)l/ dj, (%)1/ dj,

J

with ¥ -functions as coefficients. Now, recalling that b = +o00 and «; = 0, for each
k,l € N, write

( t )k/dj (aj,o(x))l/dj

bjo(x)yPi !
aj0x) \1/d; t *k=D/d; itk >]
_ (bj.o(xzy)ﬁj ) (bj_o((x))yﬁf ) 1 =1,
a;.0%) ~\k/d; 2.0 \(I-k)/d; :
(bj,o(x)y“’j V) ’ ifk </,

and
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ajo(x) _ [ ajo(x) ]<a(x))ﬂj (44)
bio(x)yPi Lbjo(x)a(x)pi I\ y
The quotient on the left-hand side of (44) is bounded, since it is equal to the bounded

quotient ZQ multiplied by a unit. Moreover, for each x we may take y to be arbitrarily
a(x)

close to a(x), thereby making arbitrarily close to 1. It follows that the function
in square brackets on the right- hand side of (44), which does not depend on Yy, is also
bounded and therefore can be included in the list of functions ¢y (x),...,cny(x) in .

Therefore, we can write h; as the sum of a ;_-function of the form
D ks1 gj K (x, )’)(aj’?(x))k/df plus a v -function of the form } ;. g k(x,

y )( yP )k/ 4j, where g k- 8.k are Y-functions. If we set
j.0()y

1

hj- = Z gj,k(x,y)(af’"_(x))%_l_d—j’

t

kzdj-‘rl
~ t %—nj
hj+ = gj,k(x,y)(%) J ’
kz%:nj bj’o(x)yﬂj
then we obtain (43) with r; — = —1 — d_ and
dj din;—1
ok UL k/d;
0= gk(xy)(’ ) Tk (x y)( ) .
h;, kZ:l J Z 7, ,o(x)yﬁf
Hence, we can write
rj,— .
Lj—(x,p,0) = ( ) " hj—(x,y,1)(logt)* e,
ajo(x)
Tjo(x.y.1) =hjo(x,y.t)(logt)* ",
t n; .
Lj+(x,p.0) = (7) "hj+ (x,y, ) (logt)' €0,
bjo(x)yPs

and

Tj('x’ y) = Tj,—(xv y) + Tj,O(x’ y) + Tj,+(X, y)?

where one obtains 7 _, T} o, and T} 1 from T by replacing I'; with I'; _, T'; o, and
I'j +, respectively.
To handle 7' _, note that, since r;,_ < —1, we can use the additivity relation

bj(x,y) +o00 +00
/ [j_(x,y,t)de :[ Fj—(x,y,t)de —/ Lj—(x,y,t)de.
aj(x,y) aj(x,y) b;(x,y)
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Therefore, we can replace T _ by a sum of two prepared generators for €*P(A4y)

whose y-functions are defined by integrals with 4-0o as the upper limit of integration.
o T ,
one differentiates /;o(x, y,t)(logt)sf and integrates €'°/’. This has the effect of
replacing Tjo(x,y) with a sum of terms that are either prepared generators for
€F (Ap) or are of the same form as T o but with the powers of 7 in / j o reduced by
1. By repeating this strategy finitely many times, we reduce to the case in which all
powers of ¢ in /1 o are less than —1, which can then be handled as we did for T} .

It remains to handle 7 . Recall that

To handle T} o, compute f ! j,0(x,y,t)dt by integrating by parts, where

t n; |
(W) jhf’+(xvy,l)(logz)sj
J,0

( Z gik(x, y)(b 53 )k/dj)(logz)sj_ (45)

k=n;d;

Differentiating the right-hand side of (45) with respect to ¢ gives

= -
: ((kZ 'dﬁj?j,k(x,y)(m)k/d’ 1)(logt)sj

. B
bj,O('x)y 4 =njdj
+o00
~ t kjdj—1 ‘
+5( X Tuen(——p) | )ognu).
k=§dj bjo(x)yPi
Therefore, if we compute f / ((x yy)) I'j +(x,y,t)dt by integrating by parts n; times,

where we begin by differentlatmg the left-hand side of (45) and integrating e/ as
before, then we reduce to studying prepared generators for €*P(Ag) of the form

bi(x,
T(x,y) = fi(x)y?7"/Pi (log y)®/ &/ (W)/ S h(x,y.t)(logt) e/’ dr,
a;j(x,y)
where & is a ¥; +-function and s is a rational number. Since / is bounded and the
length of the interval (a;(x,y),b;(x,y)) is of order y%/ as y — +oo (see Defini-
tion 5.4 and Proposition 5.5), it follows that for each x € IT,,(A) there is a constant
C(x) > 0 such that

T (5. 3) < Cx)y?I B4 (log )7

Hence, by (42) we can conclude that T is superintegrable. ([

LEMMA 5.13
In the notation of Proposition 5.5, suppose that b = +oo. If T; is a prepared
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generator with the property that oj > 0, then we may write T; as a finite sum of

prepared generators which are either superintegrable or in €:$e(‘49)-

Proof
We consider a generator T as in the statement of the lemma. In the notation of Propo-
sition 5.5, suppose first that b; < +00. By Remark 5.7(1), we have r; = 0.

Assume that

Pj +8j < —1.

Since 4 ; is bounded by a constant and the length of the interval (a; (x,y),b; (x,y))
is of order y%/ as y — 400, it follows that for each x € I1,,(A) there is a constant
C(x) > 0 such that

T (x,y) < C(x)yP7+5 (log y) 27+ (46)

So T; is superintegrable, and we are done.
So now assume that p; + §; > —1. Note that

i((aj,o(x)y“j )1/d_/) _ _i<aj,0(x)y“j )l/dj l

ot t - d; t t

and that

0 1/d; 1 1/d; 1
i(Goonm) =g Gomm)

Write hj = H; oyj, where H;(Xy,...,Xn,Y,T1,T,) is a power series converging
in a neighborhood of the closure of the image of ;. Thus, we can factor out 1/¢ every
time we differentiate the expression 4 (x, y,t)(log?)®/ with respect to ¢. Moreover,
the factor 1/¢ may be written as

| 1 ajo(x)y%
o oajo(x)y% ( t )
Therefore, if we compute y;(x,y,t) by integrating by parts, where one integrates
€%/ and differentiates & ; (x, y,1)(log?)*/, we can express T as a finite sum of terms,
each of which is either in €.+ (4g) or is of the same form as 7}, but with p; replaced
by pj — « ;. Therefore, by repeating this strategy finitely many times, we sufficiently
decrease the value of p; in order to reduce to the case in which p; +§; < —1, and
we are done for the case b; < 4-00.

It remains to consider the case b; = +oco. By Remark 5.7(1), r; < —1 and h;
is a ¥; _-function. This case can be handled very similarly to the previous case: one
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decreases the value of p; by repeatedly integrating by parts in order to additionally
assume that

Dj < —1.

Since
+o00
y;}bs(x,y) < M/ t"7 (logt)®/ dt < o0,
1
where |h ;| < M, this shows that the analogue of (46) is now

T (x.y) < C(x)y?/ (log )% .

Hence, T; is superintegrable. O
We now complete the proof of Proposition 5.9.

Proof of Proposition 5.9

Let b = 400, and let T be as in Proposition 5.5. If T is either superintegrable or in

€P (Ap), then we are done. Otherwise, thanks to the lemmas above we may assume

thate; = B; = 0. (Recall that if b; = +00, we have set b; o = +-00 and B; = 0.) To

see this, if a; > 0, then apply Lemma 5.13. Suppose now that «; = 0. If b; = 400

or B; =0, then we are done. Otherwise, apply Lemma 5.12 and again Lemma 5.13.
We first establish the following claim: up to replacing a(x) with some analytic

subanalytic @(x) > a(x) and up to further partitioning with respect to the variables x,

we may assume that, forall j € J,

(1) aj(x,y)—ajo(x)| <1and |b;(x,y) —bjo(x)| <1 on Ay, and

(2) the function /; extends to a ¥ ;-function with ¥; now defined on the set

Aj = {(x.y.0): (x.y) € A,
min{a;o(x),a;(x,y)} <t <max{bjo(x).b;(x,y)}}.

To establish the claim, for each j € J, fix a subanalytic neighborhood U; of the
closure of ¥ (A;) such that h; = H; o for some power series H; centered at the
origin and converging on U;. Recall that every v is bounded and subanalytic. Hence,
for each y-unit u € {ug;,up;, uc, }, limy— oo u(x, y) is a well-defined subanalytic
function of x (which may be supposed to be analytic, up to refining the partition) and,
therefore, may be considered as a part of the corresponding coefficient function in
{ajo.bjo0.cjo}. We may therefore assume that, for each u € {uaj JUp ;U 1,

lim u(x,y)=1.
y—>+o00
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In particular, limy_4o0a;(x,y) = ajo(x) and lim,_40bj(x,y) = bjo(x).
Hence, for each x € I1,,(A) there exists a real number d(x) > a(x) such that, for
all y >4(x) and all j € J, we have that |a;(x,y) —ajo(x)| <1, that |b;(x,y) —
bjo(x)| <1, and that y; (;1}) C U;. By definable choice (see, e.g., [30, Chapter 6]),
we may take @ to be a subanalytic function of x (and we may suppose @ to be analytic,
up to refining the partition). This establishes the claim.

We may therefore partition Ag according to the conditions a(x) < y <@(x) and
a(x) < y. We are done on the subset of Ay defined as a(x) < y <a(x) (as in the
case of b < 400 treated in Proposition 5.5), so it suffices to consider the subset of Ag
defined by y > d(x). Therefore, up to changing notation, we may simply assume that
a(x) =a(x).

Now, write
b;(x,y) bjox) a;(x,y)
/ Fj(x,y,t)dtzf Fj(x,y,t)dt—/ Ij(x,y,t)de
aj(x,y) aj o(x) aj o(x)

bj(x,y)
L VST
b

7.0(X)

(Note that when b; = +oo0 the last term of the sum does not appear.) We remark that

aj(x,y)
[ e
a

j.0(x)

) aj(x,y) ]
= ¢'9/47.0%) [ t"7hj(x,y,t)(logt)si e (=a5.0() gz
a

j.0(x)

and thanks to the claim, |a;(x,y) —ajo(x)| < 1 on Ag. Hence, €/ (=40 jg a
complex-valued subanalytic function (see Definition 2.3) over its domain of integra-
tion. So the integral on the right-hand side of the above equation is a complex-valued
constructible function on Ag, because € is stable under integration (see [8], [9]).

1s shows that (x, y) — _A ’ i(x,y,t)dt isin X g). For similar reasons,
This shows th Y d is in €2 _(Ag). For simil
bj(x.,) '

(x,y)—~ fb,»,o(x) Tj(x,y,t)dr isalsoin €5 (Ap). O

We are now ready to finish the proof of the preparation theorem. In view of Propo-
sition 5.9, it only remains to show that those generators for which the variable y does
not appear in the integration limits of the y-function can be expressed as finite sums
of generators which are either superintegrable or naive in y. Moreover, we need to
ensure that Theorem 5.2(2b) is also satisfied.

Proof of Theorem 5.2
Let b = +o00, and consider a generator 7; as in the statement of Proposition 5.9,
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which is neither superintegrable nor in €,." (Ag). Thus, T} is such that y;(x,y) =
b;

oo

aj = f; =0, the variable y now only appears in the component (@)1/ 4 of v i (see
(24), (25)). Hence, we can now expand /;(x, y,t) as a power series in the variable
(a(x)/y)"? with coefficients in the variables (x,7). The powers of y which appear
in T; are thus of the form p; — %, where n is the summation index in the power series
expansion of /. Since finitely many of such powers are greater than or equal to —1,
we can write T as a sum of finitely many terms that are naive in y plus a final term
of the form

I'j(x,y,t)dt (where we also allow the possibility b; ¢ = +00), and since

) bjo(x) i
150y Qog )@ e [ ity gy ot a
ajo(x)
for some rational p < —1 and v ;-function 4. This final term is clearly superinte-
grable, since /4 is bounded. Summing up, we have written f o Py(x,y) as a finite
sum of generators which are either superintegrable or of the form

T;(x,y) = f;(x)y" (log y)*/ s =), (47)

where f; € €*P(I1,,(A4)), r; e QN [—1,400),s; € N, and ¢; € 8(A4p).

It remains to prove Theorem 5.2(2b). Let J' = {j : T} is as in (47)}, and apply
Proposition 3.10 to the collection {¢; : j € J'}. Focus on a cell A" ={(x,y) :x €
I,,(A"),a'(x) <o’ (y —0'(x))" <b'(x)} € Ag that this constructs, along with its
associated center 6’ and map ¥’ given by

Y(x,y) = (ci(x), e O (x), (a,(x))l/d/, (b/z)x)y/d,) if b’ < 400,

y
and Vv'(x,y)= (c;(x), e O (X)), (a,;x))l/d/) if b = +o0

on
Ay ={(x,y) :x € u(A),d' (x) <y <b'(x)}.

First suppose that 6" # 0. Then the closure of {y/6’(x) : (x,y) € A’} is a com-
pact subset of (0, +00), so each of the fibers A’, is bounded above. We are then done
on A’ by Remark 5.7(2).

Now suppose that " = 0. Because A, C (1, +00) for each x, it follows that " =
v/ =1.Thus, A ={(x,y):x € ,,(A),d'(x) <y <b'(x)} with | <a <a’ <b'.
When b’ < +00, we are again done on A’, so assume that ' = +00. We may assume
that the list of functions c{,...,cy, contains ci,...,cy and also (a(x)/a'(x))'/4.
We may also assume that d” was chosen so that 1/d is an integer multiple of 1/d’.
So because
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(a(x))l/d _ ( a(x) )l/d (a/(x))l/d
y a’'(x) y ’
it follows that each component of ¥ is a ¥’-function. Therefore, to simplify notation,
we may simply assume that A’ = Ay and that ¢’ = .

Hence, on Ay we can write, for all j € J',

¢ (x.y) = ¢j0(x)y'7u;(x, ),

where ¢ ;o € 8(I1,,(A)) is analytic, /; € Q (an integer multiple of 1/d), and u; is a
Y -unit. We expand the unit % ; with respect to the variable (@)1/ 4 and multiply by

yli, so that we can rewrite the above equation as
$j(x.y)=¢j+(x.y) +¢j-(x.y),

where ¢+ € S(Mu(A))[y"] and ¢;—(x,y) = ¢j0(x) (<)%, (x, y), for
some /-unit % ;. Up to refining the partition with respect to the variables x, we may
assume that |¢; 0| is either bounded from above or bounded away from zero. In either
of the two cases, ¢; — is a y-function. This is clear in the first case. In the second
case, up to further partitioning the cell (as we have done for example in the proof
of Proposition 5.9), we may suppose that y > a(x)(¢ j,o(x))d. We then modify
accordingly, by adding the bounded function (ﬁ)d toci(x),...,cn(x) and consid-

: d
ering the function (M)l/d

as the last component of .

Therefore, exp(i¢j—) is a complex-valued subanalytic function (see Defini-
tion 2.3) which can be expanded as a power series F in the variable y~'/¢ with
analytic functions of x as coefficients. Let K; € N be such that, in the notation of
@7, r; — % < —1. We split the power series F into a polynomial part, by summing
up to K, and a rest G. Therefore, we can replace 7 by a finite sum of terms of the
form appearing in (47), but with the further property that ¢; € §(I1,,(A))[y'/¢], plus
a final superintegrable term (corresponding to the rest G of the series).

Summing up, we have partitioned the index set J as J™™ U J"" where T is
superintegrable for every j € J™ and, forall j € J"¢, T} is of the form in (47) with

¢; € 8(I,u(A))[y/?]. Now, by writing

el (x.) — i@ (x.3)=¢; (x,0))cid (x,0)

and absorbing &%/ *9) into f 7(x), we may assume that ¢;(x,0) =0 for all j €
Jnaive'

By further partitioning in x, we may also assume that, for all j,k € J"e

b y =
¢j(x,y) and y — ¢ (x,y) either define the same polynomial function for all x €
I1,,(A) or define different polynomial functions for all x € I1,,(A). Therefore, by

summing over terms for j € J"¢ with equal tuples (r;,s;,¢;(x,y)), we may
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assume that these tuples are distinct. We have thus completed the proof of Theo-
rem 5.2. O

6. Proof of Theorem 2.20

In this section we complete the proof of Theorem 2.20 using Proposition 6.5(3) below,
which states that, when we denote by f the function 3 ;¢ ; ¢; e'?; ) there exists a
real number ¢ > 0 such that the set V; = {¢ € [0, +00) : | f(¢)| > &} is not too sparse.
To prove Proposition 6.5(3) let us first introduce a definition and notation. In what
follows the notation vol, stands for the Lebesgue measure in the corresponding space
RE, 2> 1. All sets and maps involved with this notation are tacitly assumed to be
Lebesgue measurable.

Definition 6.1

Let {x} := x — |x] denote the fractional part of the real number x, and let p =
(P1.-...pe): [0, +00) = RE be a map. If I1,...,I; C R are bounded intervals with
nonempty interior, we denote by / the box Hf’=l I;.For T >0 we let

Wy :=1{t€[0.T]:{p@)} €1},

where {p(¢)} denotes the tuple ({p1(¢)},....{pc(®)}).
The map p is said to be continuously uniformly distributed modulo 1 (c.u.d. mod

1) if, for every box I € [0, )¢,

1 (W,
lim voli(Wp.1,1) = voly(I).
T—+o0 T

Remark 6.2

By [34] and [18, Corollary 9.1], a polynomial map p = (pi,..., p¢) is c.u.d. mod
1 provided that no nontrivial linear combination over Z of the polynomials p; is
constant.

LEMMA 6.3
Let p: [0, +00) — RY be a c.u.d. mod 1 map, let I C [0, 1)¢ be a box, and let

Wy :={teR:{p@t)} el}.

Then for all sufficiently large k € N,

voly (Wy,; N [28,25F1]) > 2k~ Vvol, (1) and / — = +o0.
Wp.1

Proof
Let us denote voly(/) by s. By definition there exists Ty > 0 such that, for every
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T > T,

5s s
vol; (Wp.1.7) € [T? Tg].
It follows that, for any k& € N such that 2k >To,

5 7
voly (Wp,r) N [2K, 25T = voly (W, ; o1 \ W,y 26) = sgz"+1 - s82k = g2k,

Therefore, denoting by kg the smallest integer k such that 2€ > Tj, we have

+00 Ak—1
dr dr 2
/ —>/ Z/ >s ) Seam =00,
W,y t W, 1 N[2K0,400) v W, 1 N[2k 2k+1] n 2

k=ko
which concludes the proof. O
Remark 6.4
Letcy,...,cp, € C\ {0}, and let py(¢),..., pn(t) € R[¢] be distinct polynomials such
that p1(0) = --- = p,(0) = 0 and such that at least one of them is not constantly

zero. Consider the function f(¢) = Z'}=1 Cj ¢'?/ @) Extract from the family of the
polynomials p; a basis of the (Q-vector space spanned by this family. Without loss of

generality, we may suppose that such a basis is given by (p1,..., pg). Write
Pk =rkap1+ -+ riepe, k=L4+1,....n

withrg j €Qfork=44+1,...,n,j=1,...,L.If for j =1,...,£, we denote by
p; the least common multiple of the denominators of the nonzero rational numbers
among rg41,j.....rn,j andwelet p; = p; /2np;, then we have, fork =€ +1,...,n,

Pk = 27TSk,151 + -+ 2”Sk,€m7

where Sk 1....,5¢ € Z and the family of polynomials (p7,...,p¢) is independent
over Z. To sum up, one can write

f(t) — P(62ﬂiﬁ1(l‘), L ’e27riig(l‘))7

where P is a Laurent polynomial in C[Xq,..., Xy, Xil, e, X%g] which contains at

least £ > 1 monomials of the form ¢; X fj , with ¢; # 0 and p; € N. Therefore, P is
not a constant. (Note that we have not assumed that the function f is not constant.)

Now since the family (1, ..., pg) is independent over Z and since p;(0) =--- =
p¢(0) = 0, no nontrivial Z-linear combination of py,..., p¢ is constant. Thus, by
Remark 6.2, the map p = (p1,..., pe) is c.u.d. mod 1.
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PROPOSITION 6.5
Let f: R — C be given by a finite sum

fO)y =3 cjen®,

jeJ

where the cj € C\ {0} and the p;(t) are distinct polynomials in R[t], vanishing at 0.

Then one can find & > 0 such that

(D There exist two sequences (to.n)nen and (11 n)nen, wWhich both tend to + 00,
such that Vn €N, | f(to,n) — f(t1,n)| = €. In particular, lim;_, o f(t) exists
if and only if p; =0 for all j € J (i.e., if and only if f is a constant func-

tion).
2) There exists a sequence (ty)nen Which tends to +00 such that, for all n > 0,
| f(tn)] = &
(3) [y, +dt =+o0, where Ve = {t € [1,400) : | f(1)] > &}.
Proof
We may assume without loss of generality that J is {1,...,n}. By Remark 6.4, one
can write f(1) = P(e*™P1®)  27ipe®) where P is a nonconstant Laurent poly-
nomial iq R[Xl,...,Xg,Xil,...,Xi[] apd (}3’1,...,[”)2) is a c.u.d. mod 1 map. Set
a; = e p =2 g, = e b, = 2Bt where oy, B1,....04, B¢ €

[0, 1) are complex numbers such that
|P(a1,...,a4)—P(bl,...,bg)| > 3eg,

for some ¢ > 0, and let us then consider the two sets

A= {t eR:({P1()}.... . {Pe(n)}) € ﬁA;},
B={ieR: (). {R0)) € ]‘[ B},

where A; C [0,1) is an interval centered at «; and B; C [0, 1) is an interval cen-
tered at 8, . If we denote by /(t) the map (71 @, ... ePt®) since (7y,...,D¢) is a
c.u.d. mod 1 map, by the continuity of s and P, by taking our intervals A; and B;
sufficiently small, one can find two sequences (¢9.n)nen € A and (f1,4)nen € B both
tending to +oo such that

vneN, |P(h(ton))— Plai,....ap)|<¢ and
|P(h(t.) — P(br.....b)| <e.
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This gives that, Vn € N, | f(fo,n) — f(¢1,n)| > € and proves (1). To prove (2) we repeat
the same argument as in (1): we choose complex numbers a; = e>7i%1,
e?™ withay ...,ap, €[0,1),suchthat |P(ay,...,as)| > 2¢, and we define as above
the corresponding sets A1, ..., A¢ and A with the property that, when ¢ € A, | f(t) —
P(ay,...,ay)| <e. One thus has that, for every t € A, | f(¢)| > . However, A cer-

L ap =

tainly contains a sequence (¢, )nen Which tends to +o0, since (p1, ..., pg) is a c.u.d.
mod 1 map. This proves (2).

Now, since the set A defined above is such that A C V, and since (p1...., pg) is
c.u.d. mod 1, by Lemma 6.3 we have proved (3). O

We now complete the proof of Theorem 2.20.

Proof of Theorem 2.20

Let f € €*P(X x R), and apply Theorem 5.2 to f. This produces a finite partition
A of X x R into cells over R™. Consider one such cell 4 € 4 that is open over R™,
and let O be a center for A. Write

foPy(x.y)= Y Tij(x.y)+ Y Tj(x.y) onAg.

j e Jint j € J naive

Therefore,

f=> TioPi'+ > TjoP;' onA.

j e Jint ] € J naive

If J"3¢ = ¢, then we are done. So suppose that J "¢ =£ @ which implies that Ay is
unbounded above (i.e., b = +00, in the notation of Definition 3.4).
Recall from Remark 3.14(1) that

dP _
3y Py(y) = %(x,y) oty

and that 7 — 1 equals either 0 or —2. Note that
Int(Tj o Py ', T (A)) = Int(T;0y Pp. TIm(A)), VjeJ.
For every j € J""¢, in the notation of (21), we have
Tj(x.7)dy Po(y) = 07 (x)y"/ T  (log y)*/ e ), (48)
which is integrable in y if and only if fj(x) =0 or r; + v < 0. Therefore, by defining

U= e Iy + T < 0},
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we see that, for each j € J,

Int(7; 9y Py, Tm(A)) M (4) ifjesm
nt(7; , = )
JOv T (x € Mp(A): f;(x) =0} if j € Jmaive.= j\ jn,

Let

glx.y)= Y TjoPy'(x.y). forall(x.y)€A,
jGJIHl

H= () {xeTu(4): fj(x)=0}.
j e Jnaive

Note that, by taking the sum of the squares of the real and imaginary parts of f; (see
Remark 2.14(2)), we can write H = {x € I1,,(A) : h(x) = 0}, for some s € €*P(X).
It is clear that

Int(g, Hm(A)) =I1,,(A).
It remains to show that

Int(f [ A, Hm(A)) =H
and

f(x,y)=g(x,y) forall (x,y) € Awithx €Int(f | 4, ,u(4)).

Clearly,
f(x,y)=g(x,y) forall (x,y)e Awithx e H,

so H CInt(f | A, [1,,(A)).

To prove the other inclusion, we show that if x ¢ H, then x ¢
Int(Y" ;¢ yrave T3y Pg, T (A)) = Int(Y ;¢ yuane Tj © Py ', T11n(A4)), and hence x ¢
Int(f [ A,I1,,(A)). Fix x € I1,,(A) \ H. Then the set J := {j € J"™"° :
£ (x) # 0} € J"4" is nonempty (see (48)). Recall that the tuples {(r; — 7 — 1,s;,
¢;(x,y))}jes aredistinct and that pj :=r; —t—1>—1forall j € J. Let

E={(p.s) €QxN:3j € J(p;.5)) = (p.5)}.
andif (p,s) € E, let E,5) = {j eJ:(pj,sj)= (,o,s)}.
Write

F(x.y)=Y T;dyPy(x.y)
jeJ

= Z yp(IOgY)S< Z orf,-(x)eifl’Ai(x,y))_

(0.5)€E JE€E(p,s)
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Up to summing like terms, we may suppose that all polynomials ¢; in the previous
sum are distinct. Let (pg, so) be the lexicographic maximum of E, and let

G(x,y) = Z orfj(x)ei¢f(x’y).

J GE(KJ()-S())

By applying Proposition 6.5(3) to the function y — G(x,y), we obtain ¢ > 0
such that, for all y € V,, F(x, y) can be written as

¥ (log )™ G(x. y) [1 + > yr(logy)T
(p,5)€E\{(p0,50)}

xG(x,y)_l( Z orfj(x)ei‘pf(x’y))].

JE€E(p.s)

Note that there exists M > 0 such that for all y € V, N[M, +00) the square bracket in
the previous equation is bounded from below by some positive constant K. Therefore,

+o0
[ TIFenlar= | |Fxy)|dy
M VeN[M,+00)

1
>¢eK yP(logy)*ody > eK —dy.
VeN[M,+00) VeN[M,+o00) Y
However, by Proposition 6.5(3) the last integral on the right diverges. Hence, x ¢
Int(F, I1,,(A)), and we are done. O

7. Asymptotic expansions and limits

In this section we prove a series of consequences of our main results and their proofs.
In Section 7.1 we prove that functions in €,."  have convergent asymptotic expan-
sions of a certain form. We use this result to produce in Section 7.2 two examples of
functions that are in € but not in €. .+ _. In Section 7.3 we prove that € is stable

naive*
under taking pointwise limits.

7.1. Asymptotic expansions of naive functions

Definition 7.1
A collection § = (g, )nen of functions g, : (0, +00) — R with strictly positive germ
at o0 is an asymptotic scale at +oo if, for all n € N, limy_, oo g;',:(ly(;) =0.
A C-vector space A of functions a : R — C is a space of coefficients if for every
a € A\ {0} there are ¢ > 0 and a sequence (y,)nen, With lim,_ 4 o0 ¥, = 400, such
that, Vn e N, |a(y,)| > &.

Given a function f : (0, 400) — C, an asymptotic scale §, and a space of coeffi-

cients 4, we say that fhas a (§, A)-asymptotic expansion at +o0 if there are yog > 0
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and a sequence (a,(y))nen € s such that
N
YN €N3C > 0suchthat, Yy > yo. | /(1) = D" an(0)ga ()] = Cona ().
n=0

LEMMA 7.2
If a function f admits a (§, A)-asymptotic expansion, then such an expansion is
unique, that is, the sequence (a,(y))nen is uniquely determined.

Proof
Suppose that (@, (y))xen is another sequence of coefficients. Supposing inductively
that a,, =a, for all n < N, we have

N N
[(av ) =av0)en )] = 3 an ()8 (0D = YT ()8 (v)|
n=0 n=0

< |rm- S e 0|+ |1 - S @0 )
n=0

n=0

< Cogn+1(y),

for some constant Cy > 0 and for y sufficiently large. Dividing by gn (), we obtain
that limy_, ;oo lan () —an(y)| = 0. Now, the function a(y) := ay(y) —an(y)
belongs to +, and if a(y) is not identically zero, then a(y) is bounded away from
zero on some sequence of points going to +oco. Hence, the only way for a(y) to tend
to zero is if a(y) is identically zero. O

PROPOSITION 7.3

Let f € €\P (R). Then f has a (§, A)-asymptotic expansion, where

. g = (y"(logy)")neny with r, € Q, s, € N, and (ry,Sn)nen a decreasing
sequence of lexicographically ordered pairs;

A={EQY) =) ey cjeipf'(yl/d) :(cj)jes € CTY, for some d € N, some
finite set J C N, and for distinct polynomials p(y) € R[y] with p;(0) =0.
Moreover, if E,(y) = Zje] Cin ei?i O are the coefficients of such an expansion,
then for all sufficiently large y and for all j € J, the series

i)=Y ciny™(logy)™ (49)

neN

will converge absolutely and

S =D En(y)y™ (logy)*.

neN
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Proof

Note first that if § and + are as in the statement, then § is an asymptotic scale, and by
Proposition 6.5(2), #4 is indeed a space of coefficients. By Remark 3.1, if g € §(R),
then, in the notation of (11), we have

eig () — G(y)eip(yé),

where G(y) = ¢'800) is a complex-valued subanalytic function (see Definition 2.3),
since g¢ is bounded. Moreover, in the notation of (10),

logg(y) =logc +rlogy + h(y),

where h(y) = log(1 + H(y_%)) isin & ([yo, +00)) for some sufficiently large yq.
Hence, it is easy to see that if f € €.F (R), then we may assume that, for y
sufficiently large,

fO) =) fi(er 0D, (50)

jeJ

where J is a finite set, f; is a complex-valued constructible function, d € N, and
{pj(y):j eJ} CR[y]is a collection of distinct polynomials such that p;(0) = 0.
Moreover, there exists a finite set K such that each f; is of the form

i) =" hjx(y)(ogy)*i«,

keK

where s, € Nand /i is a complex-valued subanalytic function.

Let us prove that f; is indeed an absolutely convergent series. It is easy to see
that Remark 3.1 also holds for complex-valued subanalytic functions (where now
¢ € Cand H is a convergent power series with complex coefficients). Applying again
Remark 3.1 to each & ¢, for y sufficiently large we can write

[0 =3 by ik (logy)ik (1 + Hyp(y~1)). (51)
keK

where b € C, rjx € Qs an integer multiple of 7, and H; k() = pen @jdesm ™
is an absolutely convergent power series with complex coefficients and such that
H x(0) = 0. Hence, up to reorganizing the sum in (51), we have proved (49).

Now, setting 7k m = 7, — 7, We can write

N
fy) = Z bjkajpmy ’km(logy)sike'Pi )

(J.k)eJxK
meN
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Let
I ={(r,s) €QxN:3j €J,3k € K,3m € N such that (rjj m.5;x) = (r.5)},
and if (r,s) € I, thenlet I 5y = {(j.k.m) € J X K XN : (rjje.m.8j k) = (r.5)}.

We can write

F =Y y(logy) Epg(»),

(r,s)el

where E(. 5 (y) = Z(_i,k,m)el(”) bjrajjme?s (J’é). Note that for every (r,s) € I
the set I(,5) is finite, so E( ) is a finite sum of exponentials. Moreover, if Iy is the
set of all 7 € Q such that there exists s € N with (r,s) € I, then we have that [ is
bounded from above (by max;x)esxk7 k) and for every r € Iy there are finitely
many s € N such that (r,s5) € I. (In fact, the cardinality of the set of all s’s such
that there exists r € Iy with (r,s) € I is uniformly bounded by the product of the
cardinalities of J and K.) Hence, with respect to the lexicographic order, / has the
same order type as w, and we can fix a decreasing bijection N > n — (ry,s,) =
(r,s)el.

Let us thus rename E,(y) = E(,.s,)(y). We have proved that, for y sufficiently

large,
F) = En(y)y™ (logy)*™.
neN
In particular, f indeed has a (g, #)-asymptotic expansion. O

7.2. Two functions which are in € (R) but not in €.> (R)

naive

Example 7.4
Consider the function f(y) =e I

Consider the Fourier transform of f:
fly)= / e 2mXY eIl gy,
R

It is well known that f is a semialgebraic integrable function, namely, f (y) =
ﬁ (see, e.g., [13]). Since we can compute f as the inverse Fourier transform
of f and since f is semialgebraic, we have that f belongs to the class €%*P(R). It
follows from Remark 2.8 that if g € §(R), then e 180l € €*P(R). (In particular,

eV’ € €9 (R).)
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CLAIM
The function f(y) =e P! isnot in el (R).

Proof
Suppose for a contradiction that £ € €°F (R). By Proposition 7.3 we may write f(y)

naive
as the sum of a convergent series

) =) En(y)y™ (log y)*

neN

for all sufficiently large y. Since the germ of f at 4oc is nonzero, this series contains
a nonzero term. Choose the least ng € N such that £,,(y) is not identically 0. Thus,
there exists a constant C > 0 such that

| £(7) = Eng(y)y™0 (log y)*0| < Cy"0+1 (log y)*no+!

; ; ) "0+ (log y)*no+1
for all sufficiently large y. Since 570 (fog y)°0 and 770 (10g )0 both tend to
0 as y — 400, dividing both sides of this inequality by y"0 (log y)*?0 and letting
y tend to +oo gives limy_, 4o £y, (y) = 0, which contradicts Proposition 6.5(2).

O

Example 7.5
Consider the sine integral Si: [0, +00) — R, which is defined by

. Y sin(t) Vel — et
i) /0 ‘ /0 2ir

Clearly, Si € €*P([0, +00)).

CLAIM
The function Si(y) is not in €°.F ([0, +00)).

naive

Proof
Recall the classical asymptotic formula (see [1]):

Si(y) ~ z _cosy Z( l)k (2k) _siny Z( DF 2k + 1)1.

2k+1
keN keN

Hence, Si(y) has a (g, 4A)-asymptotic expansion, with § and # as in the statement
of Proposition 7.3. However, in the notation of (49), the series Fj(y) =
Y ren(=DF (22,521 and F>(y) = ) jen(— 1)“2]2‘,:2 are divergent. Therefore, by
Lemma 7.2 and Proposition 7.3, Si(y) ¢ €5.F [O +00)). O

naive
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7.3. Pointwise limits

Definition 7.6
Forany X CR™ and f: X xR — C, let

Lim(f, X):= {x eX: lim f(x,y) exists}.
y—>+o0
PROPOSITION 7.7

Let f € €*P(X x R) for some subanalytic set X C R™. There exist g,h € €*P(X)
such that

Lim(f, X) = {x € X : h(x) =0}
and such that, for all x € Lim( f, X),

yEToo Sx,y) =g(x).

Proof
Apply Theorem 5.2 to f(x, y) with respect to y. Focus on one cell of the form

A=1{(n.y) 1 x € Mu(A).y > a().
Let
E={(rs)eQxN:3j € J(rj,s;) = (r,s)}, )
andif (r,5) € E, let Eg5y = {j € J : (rj.s;) = (r,9)}.

The terms in the preparation involving y” (log y)* with r < 0 may be neglected since
they affect neither the existence of lim,_, 1 f(x, y) nor its value when it exists. So
we may assume that f(x, y) is naive in y with nonnegative powers of y in each term
of the preparation. Write f as the finite sum

fayy= 3 ylogyy( Y fined ), (53)

(r,s)GE jEE(r’S)

where each f; is in €*P(I1,,(A)) and where we have that, for each (r,s) and each

(Ve

m
$i(x.y) = ajr(x)yd forj € Egy
k=1

is a family of distinct polynomials in yé with subanalytic coefficients a ;. By par-
titioning in x we may also assume that if there exist j € E( ) and X € IT,,(A) such



54 CLUCKERS, COMTE, MILLER, ROLIN, and SERVI

that ¢7(x, y) = 0 for all y such that (32 y) € A, then ¢5(x, y) =0 forall (x,y) € 4.
(Note that there is at most one such j € E(.5) such that ¢7 = 0 because, for each

x € I1,,(A), (¢j(x,y))jes is a family of distinct polynomials in y 7 )

CLAIM

For each x € T1,,(A), x € Lim( f, I1,,(A)) if and only if the following two conditions

hold:

(1)  foreach (r,s) € E such that r > 0 or s > 0, we have that f;(x) =0 for all
J € Egs);

(2)  forall j € E,o) suchthat ¢; # 0, we have fj(x)=0.

Proof

To prove the claim, fix x € I1,,(A). Observe that if conditions (1) and (2) hold, then
either f is identically O, or else there exists jo € E(g,9) such that f(x,y) = fj,(x)
for all y. Either way, limy_, o f(x, y) exists trivially.

To prove the converse, assume that x € Lim( f, I1,,(A)). Conditions (1) and (2)
clearly hold if fj(x) =0 for all j € U seg E(r.s), S0 assume otherwise. Choose
(ro, So) maximal with respect to the lexicographical ordering such that f;(x) # 0 for
some j € E(y,.s,)- By Proposition 6.5(2), since lim,_, 1o f(x,y) exists, it follows
that ro = s¢ = 0. Thus, condition (1) holds, and we have

flx,y)= Z fj(x)ei%(x,y)

J€E©.0)

for all y. Proposition 6.5(1) now shows that condition (2) holds. This proves the
claim. Ol

The claim easily implies the proposition. Indeed, define

=X X P+ X P

(r.s)eE suchthat jeE JEE such that
r>0ors>0 J (r.s) (glo;_o

define g = fj, if there exists jo € E(g,9) such that ¢, = 0, and define g = 0 other-
wise. Then g, h € €*P(I1,,(A)). The claim shows that

Lim(f [ A, Hm(A)) = {x €A h(x)= O}
and that

f(x,y)=g(x) forall (x,y)e A such that h(x) =0. O
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8. Parametric L”-completeness and the Fourier—Plancherel transform
In this section we prove a parametric L?-completeness theorem for € and use this
to show that € is closed under the Fourier—Plancherel transform.

Definition 8.1

Let X CR™, let f: X x R — C be Lebesgue measurable, and let p € [1, +00]. For
each y € R, define f; : X — C by f,(x) = f(x,y) for all x € X. We say that the
family of functions (f})yer is Cauchy in L?(X) as y — +o00 if (fy)yer € L?(X)
and for all ¢ > 0 there exists yo € R such that

I fy = fyllp<e forall y,y > yo.

PROPOSITION 8.2

Let p €[1,400] and f € €*P(X x R) for a subanalytic set X C R™, and suppose
that (fy)yer is Cauchy in LP(X) as y — +o00o. Then there exist g € €¥P(X) N
LP(X) and a subanalytic set Xo C X such that vol,, (X \ Xo) =0,

li —glp,=0.
Jim NSy =gl

and

lim f(x,y)=g(x) forall x e Xj.
y—>+o0

Before proving Proposition 8.2, we use it to show that €*P is closed under the
Fourier—Plancherel transform.

THEOREM 8.3

Let Z be the Fourier—Plancherel extension of the Fourier transform to L*>(R™), as in
(6). Then, the image of €*P(R™) N L2(R") under .F is €*P(R™) N L2 (R").

Proof
Let f € €*P(R") N L?(R"). We use coordinates x = (xi,...,x,) and t =
(t1,...,t,) on R". For each y € R, define

By ={teR":|1] <y},

and observe that L2(By) C L1(By) for each y (by the Cauchy—Schwartz inequality,
since vol, (B)) < +00). So we may define F: R"*! — C by

Feyi= [ 10 = [ a0 f0 0 s
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and we have that F € €P(R"*1), since €% is closed under integration. The
extended Fourier transform .% ( f) is the equivalence class of functions [f] (with
respect to almost everywhere equivalence) that is defined by the condition
lim [|f = Fyl2=0.
Jim LS = Fylla=0
Thus, (Fy)yer is Cauchy in L?(R") as y — 400, so by Proposition 8.2 we may fix
g € €¥P(R") such that
li —F,2=0
Jimllg = Fyll2 =0,
and hence | f] = [g]. This shows that the extended Fourier transform .7 maps
E*P(R™) N L2(R") into €*P(R") N L2(R"). A completely symmetric argument,
where one simply replaces i with —i in (54), shows that the inverse extended Fourier
transform maps € (R") N L2(R") into €*P(R™) N L2(R") as well, so €*P(R") N
L?(R") is in fact the image of €*P(R") N L?(R") under .%. O

The remainder of this section is devoted to the proof of Proposition 8.2, which
requires us to develop a bit of machinery. This proof is somewhat similar to the proof
of Proposition 7.7, except we cannot rely on the facts about c.u.d. mod 1 maps quoted
in Remark 6.2. Instead, we need to adapt these facts to parametric families of maps
that are c.u.d. mod 1 in a certain uniform sense. We are not aware of a reference in
the literature on c.u.d. mod 1 maps that considers this parametric case, so this section
develops this material from scratch. We remark that the proofs of Lemma 8.6 and
Proposition 8.7 below use ideas found in the proofs of [18, Example 9.2 and the
closely interrelated Theorems 1.1, 2.1, 6.1, 6.2, 9.1, 9.2, and 9.9].

Let us first give the parametric version of Definition 6.1. For this, let X be a
nonempty set, and let ¢ = (Y1,...,¥5) : X X [0,400) — R” be a map. If I4,...,
I, € R are bounded intervals with nonempty interior, we denote by I the box
]_[f-zllj,andforTZOandx € X, welet

Worr ={tel0.T]:{y(x.0)} eI},

where {1/ (x,?)} denotes the vector of fractional parts ({y1(x,1)},...,{¥n(x,?)}) of
the components of .

Definition 8.4
With this notation, we say that the map ' is continuously uniformly distributed mod-
ulo 1 on X (abbreviated as c.u.d. mod 1 on X) if, for every box I < [0, 1)”,

voli (W 1 1)

lim sup

=vol, (]).
T—too oob T vol, (1)
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The following remark is the parametric analogue of Lemma 6.3.

Remark 8.5
Suppose that ¥ : X x [0, +00) — R” is c.u.d. mod 1 on X. Then for each box I C
[0, 1)", there exists ko € N such that, for all k > k¢ and for all x € X,

voly ({t € [2%,28F1)  {y (x. 1)} e I}) = 2K vol, (1).

This bound is proven just as Lemma 6.3, using the uniform limit in the parameter x
provided by Definition 8.4.

The following technical lemma will be used in the proof of the forthcoming
Proposition 8.7.

LEMMA 8.6
Define ¢ : X x [0, +00) — R by

d
Plx.0) = ;).

j=0
where d is a positive integer, the functions ¢y, ...,¢q : X — R are bounded, and
there exists € > 0 such that |pg(x)| > € for all x € X. Then the function ® : X X
[0, +00) — C defined by
T .
O(x,T) = / P00 g
0
is bounded.

Proof
It suffices to show that for some suitable choice of Ty > O there exists a constant
C > 0 such that, for all (x,T) € X x [Ty, +00),

T -
‘/ (1) dz‘ <C.
To

Define

R IR =X
1 =50 = L

and observe that our assumed bounds on ¢y, . . . , ¢, show that the coefficient functions

af 2f

in x of the polynomial f(x,) are bounded. Therefore, by computing ;- and 7.5 and

factoring out their leading terms, we may fix 7o > 0 such that
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daf

W(x,t) =dtd_1u(x,t) and

aZf( N 0 ifd =1, (55)
_ x’ —
at? d(d — D)t42v(x,t) ifd >1,

for some functions u(x, ) and v(x,¢) (when d > 1) that take values in [%, %] for all
(x,1) € X x [Ty, 4+00). Therefore, % >0 and a2f > 0on X x [T, +00), so for each
x € X, the functions 7 — f(x,?) and t — 8 n (x t) are, respectively, strictly increas-
ing and monotonically increasing on [Ty, +00). For each x € X, let = g(x,s) be
the inverse of s = f(x,t), where t > T and s > f(x, Tp). For each T > Ty, we can
perform the integral substitution

9f

s= f(x,t), ds= W(X’t) dr = —f(x,g(x,s)) dt

ot

/ G000 gy — / ei%a () f(0) g

/f(x ,T) el®a (x)s

to write

(56)
fery 3 A (x, g(x.9)) S))

The function
-
8 (x.g(x.5))
is monotonically decreasing on [ f(x, Tp), +00), so we can apply the second mean

value theorem for integrals to the real and complex parts of the integral (56). For the
real part, this gives

/ﬂ”) cos(pu()s) 1 /“”)
feTo) Gr(xgxs) G To) Jreto)

cos (¢ (x)s)ds (57)

for some & (x, T) e (f(x,Ty), f (x T)) Since s > cos(¢g (x)s) has an antiderivative
with period =t y (x)| and since (5=t P (x)l < =%, the integral on the right-hand side of (57)
may be replaced with an integral over an 1nterval of length at most 28” . This, along
with the form of % given in (55), shows that (57) is bounded. A nearly identical
calculation shows the same for the imaginary part of (56), and the lemma follows. [J

The following Proposition 8.7 is the parametric analogue of Remark 6.2, stating
that polynomials maps are c.u.d. mod 1 when nontrivial Z-linear combinations of their
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components are nonconstant. For technical reasons, in the parametric case it is more
convenient to reduce to the situation of maps with monomial instead of polynomial
components.

PROPOSITION 8.7
Consider amap = (Y1,...,¥,) : X xX[0, +00) — R”, where X is a compact topo-
logical space and where, for each j € {1,...,n},

Vji(x.t) = g; ()"

for some continuous function g; : X — R and positive integer y;. Assume that, for
each x € X, the functions t — ¥1(x,t),...,t = ¥, (x,t) are linearly independent
over Q. Then v is c.u.d. mod 1 on X.

The following notation and observation will be used in the proof of Proposi-
tion 8.7.

Remark 8.8
Let y =max{yi,...,yn},andforeachk e {1,...,y},let Jy ={j €{l....,n}:y; =
k}. The assumption that ¢ + 1 (x,1),...,t — ¥, (x,?) are linearly independent over

Q for each x € X is equivalent to saying that, for each k € {1,...,y} and x € X, the
family of real numbers (g (x)) ey, is linearly independent over Q.

Proof of Proposition 8.7

We will use the variables ¢, y = (y1,...,¥n), and z = (z1,...,2,), and write dy
for dy; A---Ady,.Let e >0 and abox [ = ]_[’]1»=1 I; €[0,1)" be given. For each
J€{l,....n}, let x1, : R — {0, 1} be the 1-periodic extension of the characteristic
function of I; in [0,1), and define x; : R” — {0,1} by x;(y) = ]_[']'-=1 X1, (yj)-
Thus,

T
voly ({r € [0, T]: {y(x,1)} € I}) =/0 x1 0y (t)dt.

Let ¢ > 0, and fix § € (0,1]" sufficiently small so that 1 — (I — )" < . For each
J €{l1,...,n}, fix 1-periodic continuous functions p; : R — [0,1] andg; : R — [0, 1]
such that p;(¢) < x1,(t) < ¢q;(¢) forall 7 € R and such that

voly ({r € [0.1]: p; (t) # x1,(1)}) <86,
voly ({r € [0, 1] : ¢, (t) # x1,(1)}) <.

Define p : R" — [0,1] and ¢ : R” — [0, 1] by p(y) = ]_['}-21 p;j(yj) and g(y) =
]_[';:1 q;(yj). Since p(y) < x1(y) <q(y) forall y e R*, we have, forall x € X,
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1T 1 (T 1 (T
7/0 pot//(x,t)dIET/O Xlol//(x,t)thT/(; qgoy(x,t)dt. (58)

It now suffices to show that there exists 7y > 0 such that the lower and upper bounds
in (58) are within ¢ of vol, (/) for all x € X and T' > Ty. The computations involving
the lower bound and the upper bound are identical, so we only show the computation
with the lower bound.

Fix n € (0, 1]" sufficiently small so that, forall y,z € [-2,2]",if |y; —z;| < nfor
all j €{l,....n}, then |[]}_, y; — [Tj=, zj| < §- By a Weierstrass approximation
theorem, for each j € {1,...,n} we may fix a trigonometric polynomial

Nj
Pj (t) — Z ijanTIiat
a=—N;
(where N; € Nand ¢, € C for each «) such that
P ()= Pj(0)] <n (59)
for all 7 € R. Define P : R” — C by P(y) = [[j=; Pj(y;). Since vol,(I) =

f[O,l]" x1(y)dy, we have

1 T
‘Tfo po(x,1)de —voln(l)‘

1 T
5‘?/ (pol//(x,t)—POW(x,t))dt’ (*)
0
T
4 l/ Pol//(x,t)dt—/ P(y)dy‘ )
T Jo [0,1]"
[ (por-po) e (%)
[0.1]”
+ / (P —x1(») dy‘- (e (60)
[0,1”

Note that [p;(t)| <1 and |P;(t)| < |p; ()| + [Pj(t) — pj(1)] = 1 +n =2 for all
J €{l,....n}and t € R, so by our choice of 1, (59) implies that |p(y) — P(y)| < §
for all y € R”. Therefore, the terms (*) and (***) in (60) are both bounded above by
%- And since

(v elo.1":p;(yj)=x1,(v)} S {y €[0.1]": p(y) = x1(»)}
j=1

and
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VOln(m {yelo.11": pi(yj) =1, (yj)}) > (1=8)",

Jj=1

it follows that
wuﬁyemﬂnWOO#XKﬂDSI—U—&"SE

so the term (****) in (60) is also bounded above by %. So to finish, we need to show
that there exists Ty > O such that the term (**) in (60) is also bounded above by % for
allx e X andall T > Ty.

We have

n N,

P(y) = 1_[ ( Z Cia, eZﬂiOtjy_,') — Z caez”i“'y,

Jj=1 a;=—N; ae€Z"N[—N,N]

where N = (Ny,...,Ny), [-N,N] = ]_[_';Zl[—Nj,Nj], Co = ]_[;lecj,aj for o =

(a1,...,an),anda-y =>""_ a;y;. Thus,
Poy(x,t)= Z caez’““"/'(x’t)-
a€Z"N[—N,N]

Observe that

1 (T .
— / codt — / cods =co—co=0 and that f €2 %S ds =0
T Jo [0,1] [0,1]

for all nonzero o € Z" N [—N, N]. Therefore, the term (**) equals

ca [T 5.
3 _/ Q2miay(x.1) dt‘.
T Jo

a€(Z"\{0})N[-N,N]
Using the notation J; from Remark 8.8, for each nonzero o € Z" N [—N, N] let
Dok (X) = Z ajgj(x) foreachk e{l,....y},
J€Jk

d(a)zmax{k e{l,....y}:aj #Oforsome j € Jk},

and observe that

d(a)

a Y0 =Y das()ik.

k=1
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The set X is compact, the functions ¢g,1, ..., P d() are continuous on X, and by
Remark 8.8, ¢y 4(«) has no zero in X because ¢ — ¥((x,1),...,t > Y, (x,1) are lin-
early independent over Q for each x € X. Therefore, |¢q,1 ®a,d(w)| are bounded
above, and [¢q 4(a)| is bounded below by a positive constant. We may apply
Lemma 8.6 to fix Ty > 0 such that, for all x € X and T > T, the term (**) is bounded
above by £. O

3e ey

Let us fix the notation in view of Lemma 8.9. For this consider a cell
A={(x,1):x € Hp(A).1 > a(x)},
where I1,,(A) is connected and open in R™. Define f : A — C by

f) =" fi(x)e® D,

jeJ

where J is a nonempty finite index set, (fj);jes is a family of analytic functions
in €*P(I1,,(A)), (¢;) jes is a family of distinct functions on I1,,(A4) x R that are
polynomials in ¢ with analytic coefficients in & (I1,,(A4)), and ¢;(x,0) = O for all
j €J and x € I1,,(A).

Lemma 8.9 below is the parametric analogue of the presentation of the function
£(¢) in Remark 6.4 as a nonconstant Laurent polynomial in €271 .. "7t where
the polynomial map (p1(2),..., pg(t)) is c.u.d. mod 1. Here in the parametric case it
is technically more convenient to present f(x, ) as a nonconstant Laurent polynomial
(with coefficient functions in the parameter x) in e27V1(50 - @27min(%.0) where
the map (Y1 (x,?),...,¥n(x,1)) is amonomial map in # that is c.u.d. mod 1 on certain

compact sets of I1,,(A).

LEMMA 8.9
With the notation just fixed above, we may express f as a composition

fx,1)=F(x,¥(x,1))

on A, where for some n € N, ¥ = (Y1, ...,Y¥,) is a monomial map in t with analytic

coefficient functions in 8(I1,,(A)) and F(x,z1,...,z,) is a Laurent polynomial in

the variables e*™21 ... e*™iZn with coefficients f;(x), j € J. If J is a singleton

{joyand if ¢p;, =0, then n = 0 and F(x) = fj,(x). Otherwise we have n > 0 and

(1) there exists a set B C T1,,(A) such that vol,,(I1,,(A) \ B) = 0 and, for any
X € B, z+— F(x,z) is nonconstant,

(2)  for any open set Q2 C I1,,(A) and any real number A < vol,, (), there exists
a real number Ty and a compact set K C QN B such that K x [Ty, +00) C A,
Vol (K) > A, and ¥ | K x [Ty, +00) is c.u.d. mod 1 on K.
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Proof

Since the functions ¢;, j € J, are distinct, it is only possible to have ¢; = 0 for all
J € J when J is a singleton {jo}, and in this case we have f(x,t) = fj,(x). We may
now assume that ¢; 7 0 for some j € J. In this case, since ¢; (x,0) =0 forall j € J
and all x € T1,,(A),

d :=max{deg¢, : j € J}
is a positive integer. For each j € J, write
d
¢i(x.0) =" ()i

k=1

with ¢ € 8(I1,,(A)). For each k € {1,...,d}, fix T’y C J such that (¢, x)yer;, is
a basis over Q of the span over Q of the family (¢, x)jes (as functions of x), and let

T={(pk):kefl,....d},y €Ty}.

We may fix a positive integer 1 such that, for each (j,k) € J x{l,...,d},
®jsyk
bjk = Z LX2 6 i
v€lk

for a unique tuple of integers (@ .,k )yer, - With this notation we have

flx,t) = Z 7 (x)eizz=1¢j,k<x)t" — Z fi (@) S Dyery, LK, )ik
jeJ =Y
= X;f] (x)( 1;[ (eZnillfy.k(x))aj:y.k = F(x, (I/I%k(x))(y,k)el“)’
je y,k)el’
k
where for each (y,k) € I', ¥k (x,1) = % and

F(x, (Zy,k)(y,k)eI‘) = Z Sfi(x) l_[ (e2Ti2rk )% vk

jeJ (r.k)eT

For each j € J, f; is a nonzero analytic function on the connected and open set
I1,,(A), so the set

U:={xeMu(A): fi(x)#0forall j € J}

satisfies vol(IT,,(A) \ U) = 0. The fact that ¢, j € J, are distinct functions implies
that ((¢¢j.yk)(y.k)er) jes is a family of distinct tuples in ZT'. As a consequence, for
each x € U the trigonometric polynomial z — F(x, z) is nonconstant.
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Observe that, since (¢, x)yer, is independent over Q (as functions of x), for
each k € {1,...,d} and nonzero tuple ¢ = (c,) € Z'*, > yer, CyPyk is a nonzero
analytic function on I1,,(A), so the set {x € U : Zyel" . Cy¥y,k(x) = 0} cannot have
a positive measure, and the set

B:zU\(CJ U {er: Z cy¢y,k(x):0})

k=1cezlk\{0} v€lk

satisfies vol,, (IT,,,(A) \ B) = 0 as well. This gives (1), since B C U.

On the other hand, from the definition of B we see that, for each k € {1,...,d}
and for each x € B, the family of numbers (¢, k(X)) .k)er is linearly independent
over Q, and by Remark 8.8, for each x € B the family of functions (¢t —
Yy k(X,1))(yk)er is linearly independent over Q. Given an open set  C IT,,(A)
and any positive real number A with A < vol,, (2) = vol,, (2 N B), the inner regular-
ity of the Lebesgue measure shows that we may fix a compact set K € Q N B with
vol,, (K) > A. Since K is compact and a(x) is continuous, we may fix Ty sufficiently
large so that K x [Ty, +00) C A. Proposition 8.7 then shows that the restriction of
V= (Vi) k)er to K x [Ty, 4+00) is c.u.d. mod 1 on K, which completes the
proof of (2). O

The following Lemma 8.10 is the parametric version of Proposition 6.5(1). It will
be used in the proof of Proposition 8.2.

LEMMA 8.10

Consider f(x,t) = F(x,¥(x,t)) as given in Lemma 8.9, with z — F(x,z) non-
constant for some x € I1,,(A). Then there exist ¢ > 0, § > 0, a strictly increasing
sequence (t;);en in R diverging to 400, a compact set K C X, and a sequence
(Xj)jen of Lebesgue measurable subsets of K C Il,,(A), with, for any j € N,
Vol (X ;) > 68, Xaj41 € Xaj, such that, for all j €N, for all xo € X; and x; €
X2j+1,

’f(xO,tzj)‘ZS and ‘f(xO,lzj)—f(xl,lzj_;,_l)’28.

Proof
Since z — F(x,z) is nonconstant and 1-periodic in each of the components of z =
(z1,...,2,), one may find vy, vy € [0, 1)" such that f(x,vo) # f(x,v1), and thus,
assuming for instance that f(x,vg) # 0, one may fix & > 0, an open subset U of
I1,,(A) containing x, and boxes Iy, I1 < [0, 1)”, respectively, containing vy, v1 such
that dist(F (U x [y),0) > € and dist(F (U x Ip), F(U x 1)) > ¢.

By Lemma 8.9(2) we may fix a compact set K € U and Ty € R such that
vol, (K) > 0, K x [Ty, +00) € A, and ¥ | K x [Ty, +0o0) is c.u.d. mod 1 on K.
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Define
1 . 1
§ = 5 volu(K) voly (1) mm{1, 5 vol, (11)}.
Remark 8.5 shows that we may fix kg € N, 2ko > Ty, such that, for all k > ko, all
i €{0,1},and all x € K,
voly ({t € 2%, 2K 1) : {yr(x, 1)} € I;}) = 257 vol, (I).

Let us now construct 7y, #; and the corresponding sets X; C Xo C K. For this we
consider

Eo:={(x,1) € K x [2F0, 2%ty Ly (x, 1)} € Iy}

By integrating first in the variable ¢ and then in the variable x, Fubini’s theorem gives
vol,+1(Eg) = / VOll({l c(x,1) € Eo}) dx > VOlm(K)ZkO_l vol, (o).
x€K

But, by integrating first in the variable x and then in the variable ¢, Fubini’s theorem
also gives

2k0+l
vol,y11(Eg) = [k Vol ({x : (x,1) € Eo}) dt.
2%0
It follows that we may certainly choose 7y € [2k0, 2k0+1) to define
Xo = {X ek: (x,l()) € Eo}

so that

voly41(Eo) _ 1

voly, (Xo) > S z5 voly, (K) vol, (Ig) > 6. (61)

Now denote ko + 1 by kq. Then 2K1 > ¢,. We apply the same construction as above
but with /; instead of Io, [2K1, 2¥1+1) instead of [2K0, 2k0+1) "and X, instead of K.
For this we define

Ey = {(x,1) € Xo x 2K, 25Ty Ly (x, 1)} € 1),

and then we choose, with the same argument as above using Fubini’s theorem on E1,
some #; € [2k1, 25111 and define

X = {XEX()I(X,ll) € El}

so that, in conjunction with (61),
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1 1
Vol (X1) > 5 voly, (Xo) vol, (11) = 1 voly, (K) vol, (Io) vol, (11) = 6.

For j > 1, the pairs (f2;,#2j+1) and (X2, X2;41) are defined in the same way, f;
being constructed from 751, X5 from K, £ 41 fromt5;,and X1 from X,;. O

We can finally prove Proposition 8.2.

Proof of Proposition 8.2

Let p € [1,400] and f € €*P(X x R) for a subanalytic set X € R™, and suppose
that (fy)yer is Cauchy in L?(X) as y — +o00. Since L?(X) is complete, there exists
a function & € L?(X) such that

li — = 2
JJim|Lfy = hllp =0, (62)
and there exists a sequence (y; ) en in R tending to 4-oo such that

lim f(x,y;)=h(x) foralmostall x € X. (63)
J—>+oo

(See for instance Rudin [26, Theorems 3.11 and 3.12].)
Apply Theorem 5.2 to f(x, y) with respect to y. Let 4 be the collection of cells
A given by the preparation that are open in R”*1 and of the form

A={(x,y):x € Hu(A),y >a(x)},

and put Xo = (J{I1,,(A4) : A € 4A}. Since vol,, (X \ Xo) = 0, it suffices to focus on
one A € 4 and prove that the conclusion of the theorem holds for f [ A. Write f as
a finite sum

fey) =) Ti(x.y)

jeJ

on A with each term of the form T;(x,y) = y'/(logy)®/ g;j(x,y) specified in
Remark 5.3; thus, g; € €*P(4) with |g;(x,y)| < n;(x) on A for some continuous
function 7; : T, (A) — [0, +00), and g (x,y) = f;(x)e'®s *¥) when r; > —1, with
¢;(x, y) distinct polynomials in y1/4 for some integer d > 0 such that ¢ i(x,0)=0
for all x € I1,,(A). Each function f; can be taken to be analytic on A by Remark 5.8
and not identically zero, and I1,,(A) is connected since A is a subanalytic cell. We
claim that there exists g € €“P(I1,,(A4)) such that lim,_, o f(x,y) = g(x) for all
x € I1,,(A). This claim and (63) imply that g(x) = h(x) for almost all x € I1,,(A),
and hence lim, o || fy [ I1,n(A4) — g||, = 0 by (62). So we will be done once we
prove the claim.
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Let E ={(rj,s;):j € J},andforeach (r,s) € Elet Jo. ) ={j € J : (rj,s;) =
(r,s)}. Thus,

fEy)= " ¥ (1ogy) S (x.y). (64)
(r,s)€EE

where for each (r,s) € E,

Sesx. )= D gi(x.y). (65)
J€J(r.5)

For each (r,s) € E, define 1, 5) : I, (A) — [0, 400) by 1(r,5)(x) = Zjej(m) n;(x),
and observe that 7, is continuous and that [ S, 5)(x, ¥)| < (-5 (x) on A.

Let (7,5) be the lexicographic maximum element of E. If 7 < 0, then
limy 1 f(x,y) =0 for all x € I1,,(A), and we are done. If 7 =5 =0 and J is
a singleton, say, J = {jo}, and ¢;, = 0, then

fen =+ Y Y ogy)gi(x,y),
(r,9)€E\{(0,0)}

with r < 0 for all (r,s) € E \ {(0,0)}, so limy_, 1o f(x,y) = fj,(x) on II,,(A),
and we are also done. The two remaining cases are when ¥ > 0 or § > 0, or when
7 =5=0and ¢; # 0 for some j € Jg,09). We will complete the proof by showing
that these two remaining cases are impossible.

We may assume that 7 > 0, since this is a common assumption of the two remain-
ing cases. Note that

Sea (e y= Y fi)e? D
J€JF5)
is of the form hypothesized in Lemma 8.9. Therefore, we can apply Lemma 8.10 and
find ¢ > 0, § > 0, a compact set K C I1,,(A), a strictly increasing sequence (y;) jen
in (1, 4+00) tending to +o00 with K X [yg, +00) C A4, and a sequence (X;);jen of

Lebesgue measurable subsets of K such that, for all j € N, vol,,(X;) > 8, X241 C
X, C K, and

Vx €Xojir1,  [See(x.y2))| = 2e,
}S(r,s)(xv y2_1'+1) - S(r,s)(xa y2j)| > 3e.

The set K is compact, each function 7.y is continuous, and it holds that
limy 400 ¥ " (log y)*=* = 0 for all (r,s) € E \ {(7,5)}, so by replacing (y;)jen
with a tail of the sequence, we may assume that, for all y > y,,

max{ Z " (log y)s_fn(,,s)(x) 1x € K} <e.
(r,s)e E\{(r,5)}
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Observe that, for all j € Nand x € X»;,

‘5(7,3) 2+ Y vh T (0gy2) S (X, y2))| 2 26— =,
(r)EE\(F)}

SO

| f(x.y2))| = ¥5; (108 y2))*| S5 (x. y2))

+ D ¥ (0gy2) T S (X, y2))
(r,s)eEN{(7,5)}

>y} (log y2;)’e.
In consequence, if 7 > 0 or 5 > 0, then

I fvay = Bllp = W fyos llp = IBllp = 3, (l0g y2;) €8 — 1Al » WS, T

which contradicts (62). So we may suppose that ¥ =5 = 0 and ¢; # 0 for some
J € J(0,0). Thus, on 4

[ =Sen@ )+ Y. ¥ (logy)* Sey(x,y).
(r,$)€E\{(0,0)}

It follows that, for all j e Nand x € X541,
| f(x.y25) = F(x.y2540)| = |S(x, y25) — S(x. y2541)|

B ‘ Y ¥500gy2) Ser (X, J’Zj)’
(r,s)€EN{(0,0)}

—‘ Z y;,url(10gY2j+1)SS(r,s)(X,Y2j+1)’
(r,s)€ EN{(0,0)}

>3g—g—g==¢.
Finally we obtain, for all j € N,

||f2j - fy2j+1 ”11 > &d,

which contradicts the fact that (f}),er is Cauchy in L?(X) as y — +o00. O
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